Network Matrices

» Per unit impedance and reactance diagrams are required to
analyze power systems.
» For interconnected systems, network matrices have to be
formed to analyze them.
» There are two matrices.
1. bus admittance matrix Ypus.
2. bus impedance matrix Zpys.
P> Ypus is mainly used in load flow studies. Whereas Zj,s is
mainly used in short circuit studies.

» These two matrices are related by

Zbus = Yo

bus



Bus Admittance Matrix (Ypus ) :

Figure: Thevenin - Norton Equivalent
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Let us consider a four bus system.
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It is assumed that the short line model is used.
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By using Thevenin - Norton equivalent and converting all
impedances to admittances,
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By applying KCL at node (D),
h = y10Vi + y13(Vi — V3) + y1a(Vi — Vi)

h = (yi0+ y13 + y14)Vi — y13Vz — y1aVa
At node (2),

b = yooVo + y23(Vo — V3) + you (Vo — Vi)

b = (y20 + y23 + y2a) Vo — y23V3 — y2a Vi
At node (3),

0=y13(Vza — Vi) + y3a(Vz — Vi) + y32(V3 — Vo)

0=—yi3Vi —yVo+ (vis+y32 +y34) V3 — y3a Vs
At node (3,

0 = y14(Va — V1) + y2a(Va — V2) + y3a( V4 — V3)

0= —y1aV1 — y2aVo — y34V3 + (y14 + you + y34) Vs



By arranging the equations in a Matrix form,

h (v10 + y13 + y14) 0 —y13
h{ _ 0 (v20 + y23 + y24) —y23
o] — -y13 —y32 (v13 + y32 + y34)
0 —Y14 —y24 —¥34

In general, for a 4 node (bus) system

—y14 Vi
—yu Vs
—y34 V3
(v14 + y24 + y34) Vs

h Yii Yo Yz Y| [V
bl |Ya1 Ya Y3 Yu| |V2
i Y1 Y2 Yaz Y| [ V3
Iy Yar Yao Yaz Yas]| |[Va
where
Y11 = (v10 + v13 + y14)
Yi2 = Y21 =0 Y22 = (y20 + ¥23 + y2a)
Yis = Y31 = —y13 Yoz = Y32 = —y3 Y33 = (y13 + y32 + y34)
Yia = Ya1 = —yia Yos = Yao = —yo4 Yaa = Ya3 = —y3a Yas = (y1a + y24 + y34)



Inclusion of Line Charging Capacitors
Transmission lines are modeled using m model.




By applying KCL at all the nodes and arranging the equations in a

Matrix form,
h Y11
bl _ | Ya
i Y31
Iy Ya
where

Y11 = (v10 + y13 + y14) + (

Yi2 =Yn =0
Yiz3 = Y31 = —y13
Yia = Ya1 = —y1a

Yo

Ye.
Ya3 = (v13 + y32 +Y34)+(% +=

Y34 = Ya3 = —y34

Yc Yc
13 TG,
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Vs,
2

)

Yiz Yu| |Vi
Yoz Y| | V2
Yz Ya| |V3
Yaz Yaa| |[Va

Y22 = (20 + y23 + y24) + ( >
Y23 = Y32 = —y3
Yoo = Yao = —yo

Ye,
Yas = (v14 + y2a + y34) + (% +

Yes

Yo
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Y
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For an n bus system,
Ibus = Ybustus
where
Ipus is @ vector of injected currents in to the network (n x 1).

Y pus is @ bus admittance matrix (n x n).
Vs is a vector of bus voltages (n x 1).

» Ypus is symmetrical. (It will be unsymmetrical when a phase
shifting transformer is used in a system.)

» Y,us can be formed by inspection.
» Ypus is generally sparse (many zeroes).
Two simple rules to form Yy,s by inspection:

1. Diagonal Elements:
Yii = sum of the admittances directly connected to node (i).

2. Off-diagonal elements:
Yij = Yji = negative of the net admittance connected
between nodes (i) and (J).



Example 1: Consider the reactance network.
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1. Form Yj,s matrix.

2. Find the voltages at each bus.



By Thevenin - Norton transformation,
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Ybustus = Ibus

—37 2 94 Vi 1/-90°
12 =97 J4 Vo| = |1£-60°
24 4 —8| | V3 0

By solving this,

Vi 0.9663/13.3°
Vo | = [0.9664/16.7°
V3 0.966/15°

If the size of the matrix is more than 3, we need to use Gaussian
Elimination to solve it.



Node Elimination - Kron Reduction
Let us consider a three node network.

Yiu Y2 Yi3| [V A
Yor Yo Yoa3| |Vof = |k
Y1 Y Ya3| | V3 I

Suppose there is no injection at node (3). /3 = 0.

Yiu Yo Y| |V I
Yor Yo Yoa3| [Vo| = |k
Y1 Y Yz3| |[W3 0

Since there is no injection (neither generation nor load) at (3), this
can be eliminated.

YiuVi + YioVo + YizsVs = [

YorVi+ YoVo+ YasVs=1h
Y31 Vi + Yo Vo 4+ Y3V =0



From the last equation,

Vi = —7(Y31 Vi+ Y3 Vs)
33

Substituting V3 in the first two equations, we get

Y, Y13 Y-
(Vi1 — 1;3 31)\/ + (Yoo — 13 32)V2:11

Y2;Y31)V + (Yoo — Y23 Y32

(Y1 —

Arranging the above equations in a matrix form,

Y13Y- Y13Y-
(Vi1 — 1; 31) (Yis — 1; 32 y l
3 3’3} 1 _ 1
Y23%’31 Y23 Y32 |:V2:| [/2]
(Yo1 — ) (Yo———)
Y33 Y33



The new Yp,s is

(Vi1 — Y13 Y31) (Yoo — Y13 Y32
Y- Y-
Y bus(new) = Yos V- Yas V-
(Yor — 23 31) (Yoo — 2\3/3332)

The size is now reduced by 1.
Let us generalize the above procedure. Suppose the node (k) is to
be eliminated from n nodes.

Yik Yij . .
Yij(new):Yi'_ lYkkJ ihj=12---n i j#k

The size of the new Yp,s matrix is (n — 1) x (n—1).



Example 2 : Let us consider the example 1.

=7 2 A
Ypus = | 72 —37 74
A g4 —)8

Let us eliminate the node (3).

VisYa _ 16

Yll(new) = Y11 — Y33 = —Jf = _7]8 =55
—16
Y12(new) =)2 - —7]8 =4
Y21(new) = Y12(new) =74
—16
Y22(new) =—Jl — —7‘78 =—5

P 94
Ybus(new) = |:]4 ]5:|



Bus Impedance Matrix Zpys :

-1

Zbus = Ybus

> If Ypus is symmetric, Zp,s must also be symmetric.
» Unlike Ypus, Zpys is a full matrix.
» Zpus is used in fault calculations.

For a network of 3 nodes,

Zu Zip 213
Lpys = |Lo1 Zoo 203
Z31 23 33

» The diagonal elements are called the driving point impedances
of the buses.

» The off-diagonal elements are called the transfer impedances
of the buses.



Let us compare the elements of Z,s with Y,
us -

h Yiu Yo Yi3| (W1
bl =1Ya Yan Y| |V
i Y31 Yz Ya3| | W3
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The self admittance Y5> can be found as follows:




Let us find the elements of Zp,s.

Vi Z11 Zip Zi3| |k
Vol = |21 2o Za3| | b
V3 Z31 23 Z33] | B
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The driving point impedance Z»; is determined as follows:

h=h=0
1
Y22

The transfer impedance Zi» is found as follows:

2o #

Vi

Zip= -+
12 12

h=k=0

L

V4
127

» Zy is the Thevenin Impedance at node (2).

» Similarly, all the diagonal elements of Z,s are the Thevenin
impedance at the respective buses.



Modification of an Existing Zp,s :

» An existing Zp,s is modified whenever a new bus or line is
added to the network.

> If we know how to modify an existing Zp,s, we can build it
directly.

There are normally four cases
1. Adding a new bus to the reference bus through an impedance
2. Adding a new bus to an existing bus through an impedance

3. Adding an impedance between an existing bus and the
reference bus

4. Adding an impedance between two existing buses

Let us assume that there are n buses in the existing network.

Vi Zin - Zin| | h

Vn an Znn /n



1. Adding a new bus to the reference bus through an impedance

®

Original Network

©

A new bus p is added to the network through an impedance
Zp.

V1 le s Zln 0 /1
Vn a an Znn 0 In
v, 0 0 Zp| Iy

Zbus(new)



2. Adding a new bus to an existing bus through an impedance.

®

Ik /k+/

Original Network
Zp I

®

©

A new bus p is added to an existing bus k through an
impedance Z.

Since I, is flowing into the network, the voltage at all the
node will increase.

The voltage at the node (K) will be

Vi =Ziiih + -+ Zi(lc + Ip) + - - + Zknln
=Ziih + -+ Zikl + -+ + Zinln + Ziklp



The voltage at the node (p) will be

Vo = Vik+1pZp = Ziah+- - -+ Zik I+ - -+ ZinIn+(Zik+ Zb) Ip

Vi Z11 o L Z1k h

Vn a an te Znn an In

Vp Zki o Zkn Zik + Zp /p
Zbus(new)

3. Adding an impedance between an existing bus and the
reference bus

» Add a new bus p temporarily to an existing bus k through an
impedance Zp,.

» The modified Zp,s will be (n+ 1) x (n+ 1).

» Short-circuit the node p to the reference bus by letting V,
equal to zero.

» Eliminate the node p using the Kron-reduction.



4. Adding an impedance between two existing buses

® A
Zp Original Network
Iy
li+1p

©

The voltage of the bus (I) will be

Vi=Znh+---+ le(/j +1p) + Zik(lk = Ip) + - -+ + Zinln
=Zinh+--+ le/j + Zigle + -+ Zinly + (le — Zlk)/b

Similarly, at buses (J) and (k)

Vi =Zph + -+ Zijli + Zigh + -+ Zinhy +(Zjj — Zi) b



Vie=Zikith + -+ Zigli + Zile + -+ + Znln + (Zij — Zik )l

Since I, is unknown,

Vi — Vi = IbZy

0= (Zn—Zik1)h+ - +(Zjj—Zig)li+(Zjk— Zik ) I+ - -+ (Zjn—Zin ) I
+(Zjj + Zik — 2Zj + Zp) Iy

Vi Z1 . Zin (Zj — Zuk) h
Vn an e Znn (an - an) ln
0 (Zn—Zk1) - (Zin— Ziw) Zpb Iy

where Zpp = Z_,'J‘ + Zyye — 2ij + Zpy = Zth,jk + Zp.
» Eliminate the last row and last column using the
Kron-reduction.



Example 3:
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1. Let us add j1 from the reference bus to the bus (D).
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2. Let us add 71 from the reference bus to the bus (2).

@ @

J1 g1

|10
ZbUS - |:O ]1:|



3. Let us add 70.5 between () and (2.

@ 705 @
/3000
71 71
©
10 71
ZZirzp =10 41 —31
g1 —j31 425

On eliminating the last row and last columns using the
Kron-reduction,

1 71 x g1 0_]1><—]1
7 72.5 2.5 _ (106 50.4
T P S o X —J1 0.4 50.6
72.5 2.5



4. Let us add 70.25 between (D) and a new bus (3).

@ 705 @
75000
7 0.25
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70.6 0.4 40.6
Zpus = [90.4 0.6 0.4
70.6 0.4 40.85



5. Let us add 70.25 between (2) and (3).

D 2705 @
)
70.25 70.25
©

0.6 0.4  50.6 —10.2
temp __ ]04 j06 ]0.4 ]02
bus- = 1 4506 70.4 70.85 —0.45
—50.2 0.2 —30.45 ;0.9



On eliminating the last row and last column using the
Kron-reduction,

—70.2 x —50.2 —50.2 0.2 —70.2 x —50.45
L 02x 02, —02x902 o 0.2 x 5045

0.6
J 0.9 09 0.9
_ —70.2 x 0.2 70.2 x 0.2 —70.2'x —30.45
Zpys = | 20.4 — o 0.6 — ———F— 70.4 — o9
0. 10. .
—0.2°% =504 2% 0.4 —0.45% —0.4
oo TORXA5 02K 045 L 0485 045
0.9 0.9 0.9

70.5556 0.4444  40.5
Zpus = |40.4444 40.5556  70.5
70.5 70.5  70.6250

This can also be formed by inverting Yp,s matrix of the
network.

—97 92 J4
Yous = | )2 —J7 )4
A A —)8

ZbUS = YI:uls



Calculation of Zp,s elements from Yy, : If all the elements of Z,s
are not needed, the required elements can be calculated from Yp,s.
Ybuszbus =1

0

bus

Ybusz(m) = (1m

0
where Zg’:s) is the m*" column of Zp,s. If the triangular factors are

available,
0

bus

Loz = |1,

0
(m)

The elements in the column vector Zbus

elimination and back substitution.

can be found by forward



Thevenin's Theorem and Zp,s:
Let us consider an n node network.

VO = Zpl°

where VO denotes the voltages of buses due to the bus currents 1°.
When the bus currents are changed from their initial values to new
values (I° + Al),

V = Zpus(12 4+ Al) = Zpysl® + Zpus Al
N—— N
A\ AV

Let us assume that there is a change in the current injection only

at bus (k).
AV ] Z11 - Lk o Zin 0

AVl = Zin - Zik - Zin| |Al

AVn an an Znn 0



AV3
AV,
AVy

lelele

Original Network

"AV,]

AV,

_A Vn_

Vi = VP + Zik Al

© AV
Al
L ©
2]
Z:kk Al
N



Original Network

Zik ®l

I

O |

©

The Thevenin impedance at bus (K) is

Zih = Zik



In a similar manner, we can determine the Thevenin impedance
between any two buses (j) and (k) of the network.
Let us assume that there are current injections from (§) and (k).

[AV; ] Zu - 24y Zik o Zan 0
8| |z oz z e 2| |B)
AV Zin - Ly Lk o Lin| | Al

| AV, | (Zm o Lnj Lok 0 Zan] | 0]

The bus voltages at (J) and (k) are
Vi = VP + AV = VP + ZiAl + ZyAl

Vie= VQ + AV = VP + Zii Al + Zi Al



By adding and subtracting Zj Al; in the first equation and Zj;Alj
in the second equation,

Vi =/ (2 = Zi)Al + Zu(Aly + Ak

Vi = V2 + Zij (Al + Al) + (Zkk — Zij) Al

The above equations can be represented as follows:

0 ® ®

Original netwark ) - Al

i@ Reference




Zihjk =

Since lsc = Al = —Alg and V; — V| =0,

0= \/J-0 — VR +(Zj = Zi)lse — (Zik — Zig)(—lic)
Vi =V = (Zj + Zik — 2Zig) e
Zinjk = Zjj + Lik — 22
The branch current [, is given by

V-V, V- Vp
Zp Zihjk + Zp

I =



Example 4: Consider the reactance network.
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1. Find the voltages at each bus.

2. Find the voltage at each bus after connecting a capacitor
having a reactance of 5 p.u. between (3) and (0).



0 _ 0
Vbus = Zpusl bus

%4 90.5556 70.4444  70.5 1/-90°
VY| = |50.4444 70.5556 0.5 1/—60°
V9 50.5 70.5  70.6250 0

% 0.9663/13.3°
VY| = [0.9664/16.7°
%% 0.966/15°

2. To find change in voltage at each bus due to a capacitor:

Original Network

733 @l

I

Ioy




VA . o
I, 3 _ 0.966/15° = 0.22/105°

" Zs3 — X, 10.6250 — 55
AVi| [Zu Zi2 Zi3 0
AVo | |2or Zoo Zo3 0
AV3| |Z31 Zzp Z33| |—Ic

AV, 0.5 0.11/15°

AVo| = | 505 | (—0.22/105°) = | 0.11/15°

AV; 0.6250 0.1375/15°
Vi %% AV; 1.0765/13.5°
Vol = |V2| + |AVa| = [1.0767/16.5°
A vy AV 1.104/15°

This example shows how adding a capacitor at a bus causes a rise
in bus voltages.



