Synchronous Machine

Q@ Armature
o It is a three phase winding placed in the stator.
o The three phase armature windings are placed 120° (electrical) apart in

space.
e Stator iron is built up of thin laminations to reduce eddy current loss.

Q Field

o Field winding is placed in the rotor and requires DC.
There are two types of rotor.
© Cylindrical Poles
@ Salient Poles
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Figure: Schematic diagram of a 3 — ¢ synchronous machine

Source: NPTEL
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The synchronous speed is

120f
Ne = =5=

where Ns is in rpm, f is the frequency in Hz and P is the number of poles.

The relationship between the electrical angle (6) and the mechanical angle

(Om) is
P
0=—0n
2

In a 2-pole machine,
0=0p,
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Assumptions made in modelling.
@ Stator windings are distributed sinusoidally along the air gap.
@ Stator slots do not cause any variation in the rotor inductances.
© Magnetic hysteresis is negligible.

© Magnetic circuit is considered as linear.

The following convention is used.
@ g-axis is leading d-axis.
@ Two amortisseur in g-axis and one in d-axis are used. Hence 2
windings (including the filed winding) in d-axis and 2 windings in
g-axis.
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Figure: Stator and Rotor windings of a synchronous machine

Source: NPTEL
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Voltage Equations

The stator voltage equations are

, dA,
= — _ ]_
Va Iars + dt ( )
_ d\p
= — R 2
Vb = —ipfs + - (2)
, d)e
= — _ 3
Ve = —icfs + — (3)

where

Va, Vp, Ve = instantaneous stator phase to neutral voltage
ia, ip, ic = instantaneous stator currents in phases a,b,c
rs = stator resistance per phase
Aa, Ap, Ac = flux linkages in phases a,b,c
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The rotor circuit voltage equations are

dA g

Vid = lrdfrd + = (4)
Vid = f1drd + % (5)
Vig = l1gfq + % (6)
Vag = iagrag + % (7)

Vfd, Vid, V1g, Voq = rotor field, 1d, 1q, 2q voltages
Itd, Id, I1q, l2q = rotor field, 1d, 1q, 2q currents
rtd, Nd, Mg, r2q = rotor field, 1d, 1q, 2q resistances
Afds A\1ds A1q, A2g = rotor field, 1d, 1q, 2q flux linkages
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Flux Linkage Equations

The flux linkages in the phase a, b and ¢ windings are

)\a = _Iaaia - Iabib - Iacic + Iafdifd + /aldiid + Ialqilq + Ia2qi2q
Ab = —Ipala = lbpib — Incic + Ipditd + Ibidiid + lbigiig + Ib2giog
Ae = —leala = lepip — lecic + lerditd + leidiid + le1qing + le2gi2q

The negative sign in the stator currents is due to their direction.
In matrix form,

. i
Aa laa lap  lac I3 latd  la1d /alq /a2q ’:(:1
M| == |lb b Ibc| |ib| + |Ibfd Ibid Ibig Ib2g i (8)
)\c lac /bc /cc ic /cfd /cld Iclq /c2q ,-2q
q

)\abc = _Lssiabc + Lsrir
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The rotor circuit flux linkages can be written as

Afd [ T ; ltatd  ltq1a O 0 ifd
Md| _ _ |hda hdb hde ,-Z n hdfd  hdaia O 0 id
)\lq Ilqa Ilqb /1qc ic 0 0 Ilqlq I1q2q ’:1q
A2g bga by hqgc 0 0 hgig hkg2q] Li2g

The mutual inductance between the d-axis windings and the g-axis
windings is zero as their fluxes are in quadrature.

>\r = _Lrsiabc + erir

Lss, Lsy and L,s depend on 6.
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The permeance varies with 6.

P

Pavg

0 90 180 270 360 0 (degree)

P = Payg + P, cos(26)
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d-axis Phase a axis

g-axis

Figure: Phase a mmf
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Stator Self Inductances

peak MMF, = N,i,
peak MMF,y = N,i;cos 0
peak MMF,q = N,i;cos(6 +90°) = —N,iysin 6

N,i;cos 0
\
7

N,i;sin 0

6 d
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The fluxes along d and g axes are
$ad = Nai,cos Py
Gag = —Naizsin 0P,
The flux along the axis a is given by
$aa = daq COSO — hagsin§

Ban = NaizPgcos? 0 + NyiyPgsin 0
q

. 1+ cos 26 1 — cos 26
Qsaa = N,i, (Pd(2) + Pq(2)>
P, P, Py — P
¢aa:Naia< d; 94+ d2 qcos29>
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The self inductance /,; is

P P,—P
Ly — Nafﬁaa:N§<Pd-£ q)+N§ <dzqcos20>

I3

This can be written as
laa = laa0 + laap cos 26 (10)

Pd+Pq> Py—P
2

where [,,0 = N2 ( and ap = N2 < 5 2) Since the

windings of phases b and c are identical to a and are displaced from it by
120° and 240°, respectively,

/bb - laaO + /aap Cos 2(9 - 1200) — 1330 + /aap COS(20 + 1200) (11)
lec = l2a0 + l2ap €05 2(0 — 240°) = l550 + l2ap cOs(260 — 120°) (12)
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Stator Mutual Inductances

The flux linking phase a due to mmf of phase b is

Bba = Pbd €SO — Ppqsin O

bea = Nbide COS(@ — 1200) cosf + Nb/qu sin(@ — 1200) sinf

Gba = Nbib[(%(cos(% —120°) + cos(120°))+
%(COS(IQOO) ~ cos(26 — 120°))]

Py+ P, Py—P
d: 949 q(cos(29—120°))>

®ba = Npip (-
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The flux linkage of phase a due to current i is

Pd+Pq+Pd—Pq
4 2

Aba = Nagpa = NaNpip <— (cos(26 — 120°))>

Since N, = N, the mutual inductance between a and b is

N Py + P, Py — P,
Iy = & =N (- d+ + 4 9 (cos(26 — 120°))
ip 4 2
1 o
/ba = lab = —§laao + Iaap COS(20 - 120 )
) (13)
= —5ha0 = l2ap cos(26 + 60°)
Similarly,
1
lea = lae = T 5laa0 — laap cos(26 — 60°) (14)
1
Ibe = leb = _E/aao — laap cos(26 — 180°) (15)
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l2a0 + laap cOS 20 — 21220 — laap c05(20 + 60°)  —L/0 — Lap cos(20 — 60°)

Lss = | — 2120 — laap cos(20 + 60°) l220 + laap cos(20 + 120°) _%laao — laap cos(20 — 180°)
— 21220 — laap c05(20 — 60°)  — 21220 — laap cOS(20 — 180°) a0 + laap cOS(20 — 120°)
(16)
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Mutual inductances between stator and rotor

Since the rotor windings see a constant permeance,

lar4 cos 0 l21q4 cOs 6 —ls14in 0 —lapgsin 6
Lsr = | lora cos(6 — 120°)  Ipig cos(6 — 120°)  —lpgsin(f@ — 120°)  —lppq sin(6 — 120°)
lefa €0s(0 + 120°)  leg cos(f + 120°)  —lagsin(6 + 120°)  —lqsin(6 + 120°)
(17)
Let

latd = Ibtd = letd = Ista
laid = Ibid = leid = Is1d
Ialq = Iblq = Iclq = l52q

Ia2q = Ib2q = le2qg = /s2q

Ists cos 6 Is14 cos 6 —ls14sin 0 —ls24sin 0
Lsr = | lstacos(6 — 120°)  lygcos(f — 120°)  —lsgsin(6 — 120°)  —lspqsin(6 — 120°)
Istg cos(f + 120°)  [syg cos(f + 120°)  —lagsin(f + 120°)  —lsq sin(6 4 120°)
(18)
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o L., Ls and L,s vary with angle 8 which in turn varies with time.
@ This introduces complexity in solving problems.
@ Therefore, a suitable transformation is required.

@ dq0 transformation is used to transform the stator variables into new
variables.
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dq0 Transformation

The transformation matrix is

cosf  cos(f —120°)  cos(f + 120°)
Tago = k1 |—sin® —sin(f — 120°) —sin(6 + 120°) (19)
ko ko ko

It is also called Park’'s Transformation.

The constants k; and ko are arbitrary.

In most of the literature, k1 = % and ky, = % are used.

ki = \/g and ky = % are also used in some literature.

@ In this course, k1 = % and ky = % are used.
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Let us apply the dq0 transformation to stator currents.

is = I cos(wt)
ib = Im cos(wt — 120°)
ic = Imcos(wt + 120°)

Id Ia
Ig| = Tdqo |ib (20)
io e
iy 5 cosf  cos(f —120°)  cos(f + 120°) Im coswt
iq| = 3| sinf —sin(# —120°) —sin(6 4 120°)| | /mcos(wt — 120°)
i : : i Im cos(wt + 120°)
iq Im cos(wt — )
ig| = | Imsin(wt —6) (21)
o 0
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If 6 is measured with respect to the synchronously rotating reference,

0 =wt+0o
iy I, cos d
ig| = |—Imsind (22)
io 0

For balanced steady state operation, iy and iy are constant.

. 1,
/0:§(la+1b—|—lc):0

@ Since k; = % and ky = % the peak value of iy and ig is the same as
the peak value of the stator current.

@ Two fictitious windings carrying current iy and i, rotating at
synchronous speed produce the same effect as that of three phase
stator windings.
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The inverse transformation is

cos 6 —sin6 1
T = |cos(6 —120°) —sin(f —120°) 1 (23)
cos(f +120°) —sin(6 +120°) 1

Vdg0 = TdqoVabe; idgo = Tdgolabe
~1 . 1.
Vabc = qu()quOy labc = qu()'qu
Let us apply the dg0 transformation to the instantaneous power.

T . T

Va la Vd Id
_ S 1 -1 |-
s= |w ib| = | Tago | Va Taqo |fa (24)
Ve ic Vo o
T

Vd Id

_ —INTT-1 |:

5= |V (quo) quo lq

Vo o
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Vd % 0 0 id
s=|vg 0 % 0l |ig
%) 0 0 3 io
. . A ) .
S = Valg + Vplp + Velc = 7(Vd’d + Vglg + 2‘/0’0) (25)

2
The transformation is not power invariant.

Vala + Vpip + Veic # Vqig + Vglg + Voio

If ky = \/g and ky = % the transformation will be power invariant. J
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Let us apply the dg0 transformation to stator voltages.

Vd rs 0 0 id
Vg| = —Tago [0 rs O T;qlo iq
Vo 0 0 rs fo
d 1 Ad
+qu0a quO Aq
Ao
Vy rs 0 O Iq
Vg| = —Tago |0 rs O T;qlo iq
Vo 0 0 rs )
Ad
1

+qu0qu0d >‘q
Ao
Ad

1
oo (Tao) | 2a
Ao

Siva (IIT P) EE549
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Vd rs 0 O id 0 —w 0 )\d d )\d
Vgl =— 10 rs O |ig| +|w 0 O )\q—i-a Ag
Vo 0 O rs i() 0 0 0 )\0 )\0
The stator and rotor voltage equations are as follows:
. dA
Vg = —lslg — wAg + T: (26)
dA
Vg = —rsig +wAg + th (27)
. dA
Vo = —rslp + TtO (28)
. d\
Vid = rfdifd + T:d (29)
. dX
Vid = Nditd + d;d (30)
. d\1
Vig = Nngliq + Tq (31)
: dX>
Voq = Nnglq + Tq (32)
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Applying the dq0 transformation to the stator flux equations.

\ . Ifd
d Id ild
Ag| = _quOLSSTd—;O iq | + Tagolsr | (34)
Mo i 1a
g
After simplification,
Ad %(laao + laap) 0 0 Id_
)‘q == 0 %(/aao - laap) 0 iq
Ao 0 0 laa0 iO_
i (35)
Ista lsiza O 0 fd

+10 0 lag log
0 0 0 0 la

Siva (IIT P) EE549 27 /102



Let us define the following.

3 3

Id = E(Iaao + laap); Iq = 5(/‘;30 - Iaap)

where /g, I are the inductances along d, g-axis corresponding to the total
flux linkage.
la = Imd + lis;  lqg = Img+lis

where

Img = the mutual inductance along d
Img = the mutual inductance along g

l;s = leakage inductance
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A = —(Imd + lis)ig + Istaita + ls1dird (36)

)‘q = _(/mq + /Is)iq + lslqilq + l52qi2q (37)

Ao = —lisio (38)

3 . . .

Ad = — 5 lsfald + larditd + learding (39)
3 . . .

Alg = —5ls1dla + ltdifa + hdidirtg (40)
3 . . .

Alg = _Elslq’q + hq1q/1q + hq2q/2q (41)
3 . . .

A2q = _§ls2q/q + /1q2q’1q + /2q2q’2q (42)

(43)
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Advantages of dq0 transformation

@ The dynamic performance equations have constant inductances.
@ For balanced conditions, zero sequence quantities disappear.

© For balanced steady state operation, the stator quantities have
constant values. For other modes of operation, they vary with time.
Stability studies involve slow variations having frequencies below 2 to
3 Hz.

@ The d and g-axed parameters may be directly measured from tests.
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Per unit representation

@ The dq0 transformation converts inductances into constants
irrespective of angle 6.

@ However, the mutual inductances between the stator windings and
the rotor windings are not equal.

@ To make them equal, a proper per unit system should be chosen.

@ This will minimize computational complexity.
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Base Quantities for Stator Variables

Let us define the following.

Vhase = Vims(I — n) kV
Sphase = 3Vhaselpase = three phase rated MVA

Sbase
/ = kA
base 3Vbase
7 _ Vbase Q
base Ibaise
Whase = ws = 27f elect. rad/sec (44)
2
W base = pWhase mech. rad/sec
Z
Lbase = wZase H
ase
Vi 1
Abase = base Wb_turn7 tbase e S/rad

Whase Whase
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quO,base = \[2Vbase kV

3
5base = 5 quO,base quO,base MVA

. 2 Sbase . 2 Sbase . ﬁsbase o \/i/b KA
= ase

Iy == == =
q0,base
3 quO,base 3 \ﬁvbase 3Vbase
7 - quO,base Q (45)
dq0,base — |
dq0.base
quO,base
quO,base = ——"—H
Whase
Viq0,b
Adq0,base = 7: 22 Wh-turn
base
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Base Quantities for Rotor Variables

S base — Vfd ,base / fd,base

I _ Imd
fd,base — /7 dq0,base
sfd

Sbase o §lsﬂ

Vfd,base = = quO,base
Ifd,base 2 /md
A . Vfd,base (46)
fd,base —
Whase
7 o Vfd,base
fd,base — 57
/fd,base
L o Vfd,base o Zfd,base
fd,base — | =
Whaselfd, base Whase
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Let us define them for damper windings.

@ d-axis winding

Sbase = Vld,base Ild,base

I _ Imd
1d,base — i dq0,base
sl

Sbase . 3 lsld

Vld,base = =3 dq0,base
lld,base 2 Imd
o Vld,base (47)
)\ld,base =
Whase
7 o Vld,base
ld,base — 7
Ild,base
L o Vld,base o Zld,base
ld,base — | -
Whasel1d,base Whase
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@ g-axis winding

Sbase = qu,base Ilq,base

_ Imq
Ilq,base - | /qu,base
slg
V. _ Shase o 3 /slq V.
1q,base — | - 5/ dq0,base
1q,base mq
V1q7base (48)
)\1q,base .
Whase
7 o qu,base
1q,base — |
1q,base
L o qu,base o Zlq,base
1q,base — i -
Whase l1q,base Whase
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Sbase = V2q,base IZq,base
} = —/’”‘7/
2q,base — | dq0,base
s2q

Shase _ 3 /s2q

V2q,base = / = 5/ quO,base
2q,base mq
A o V2q,base (49)
2q,base — —
Whase
7 o V2q,base
2q,base — /
2q,base
L o V2q,base o Z2q,base
2q,base — / -
Whase 12q,base Whase
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Let us define the following.

Vd Vq Vo
Vd:V77 Vq:\/ia Vozvi
dq0,base dq0,base dq0,base
iy iq o
o= lg= ——, =
dq0,base dq0,base dq0,base
Vd Vid Vig V2q
Vfd VR Vld =3, qu =3/, V2q =37
Vfd ,base Vl d,base Vl q,base V2q7 base
Ifd Id I1q g
ltg = ——, hqg = y hg=——, hg=+—"—
/fd,base Ild,base llq,base /2q,base
A A (50)
Vg = —29 g =9
b
)\qu base Aqu,base
A A Mg Ay
Vfd = SV Y1d = o, Ye= T =
fd,base 1d,base 1q,base 2q,base
I
Rs = s
quO,base
r'td Nnd Nng Rgq
Rg=5——, Ria=5——, Rig=5——, Reg= 5——,
Zfd,base Z1d,base Zlq,base Z2q,base
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Voltage Equations in per unit

The stator and rotor voltage equations given in equations (26)-(32) are
converted to per unit form as follows:

w
Vg = —Rslg — g +
Whase
w
Vq = —Rslq + g +
Whase
1 dio
Vo = —Rslg + —
0 *0 Whase dt
1 d
Vg = Reglrg + 4
Whase dt
1 d
Vie = Righa + Vi
Whase dt
1 dwlq
Vig = Righg + ——
ta ta'ta Whase dt
1 ding
Vog = Roghg + ——
29 29724 Whase dt

Siva (IIT P) EE549

1 dvg
Whase

L d¥q

Whase

dt

dt

(51)
(52)
(53)
(54)
(55)
(56)

(57)
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Instantaneous Power

Before converting it into per unit, let us substitute voltage equations given
in (26)-(28) in (25).

dA dA dA
s — g {(—rsid —wAg + d—t")id + (= rsiq + wAg + —2)ig + 2(—rolo + dto)'b}
3/d\g.  d\g. dXo.\ 3 _ L3, . .
B {2 (dtld Tt dtlo> 5w (i = Agla) = 5 (151G + rsig + 2*’5)}
(59)

For a balanced system, vy and iy are zero.

3/d\g. d)\g . 3 . ) 3, . )
5 = > <dtdld + dtqlq> + Ew (Adiqg — Agig) — 5 (rslg + rslg) (60)

; 1 i

Siva (IIT P) EE549
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| = rate of change of stored magnetic energy in the stator windings
Il = electrical power crossing the air gap
Il = stator copper losses

The electrical torque T, in N-m can be found

P. P.  3w(Xgig— Agia)
T.=—% -

Wm w %w

(61)
3P .
Te = 55 (Adiqg — Agig) N-m

vl

To convert it into per unit, let us define the following.

3
Sbase 2 quO,base /qu,base
Thase = - 2
Wm,base PWhase (62)
3P

2 5 )\qu base /qu base

Siva (IIT P) EE549
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The electrical torque (Te) in per unit is given by

‘ Te = wdlq - wq/d ‘ (63)

In per unit calculations, the torque and power are the same.
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Flux Linkage Equations in per unit

@ Flux linkage equations of windings in d-axis

A = —(Imd + lis)ia + Istaita + lsidird (64)
3 . . .
Ad = — 5 lstaid + leataitd + legiding (65)
3 . . .
A1g = —5ls1dia + Iea1dita + hdiditd (66)

From (51),

Ig = lqldqo,pase; itd = ltdld base; 1d = hdlid, base

Equations (64) -(66) are divided by their respective bases to convert
them into per unit form.

Ad (/md+lls)/dldq0,base+lsfdlfdlfd,base Isidhidlid, base

A dq0,base A dq0,base )\qu, base >\qu ,base
(67)
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AMd 3 stildldqo,base n Itdta ltd led pase  lfd1d1dl1d, base (68)

)\fd ,base 2 )\fd,base )\fd ,base )\fd,base
Ald 3 ls1alalaqo,base  ltd1dldlfd pase =~ hd1dl1d1d,base
2 - (69)
)\ld,base 2 )\ld,base )\ld,base >\1d,base

From (46) - (48),

Vdq0.base | Vtd,base V1d,base

)\qu,base = ) Afd,base = ) /\ld,base =
Whase Whase Whase

By using the above terms, the equations (67) - (69) can be written as
follows:

_Wbase(/md + //s)ldlqu,base+wbaselsfdlfdlfd,base wbase/sldlldlld,bas

g =

quO, base quO, base quO, base
(70)
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" 3 Whaselsfd ldldqo,pase . Whaselfdfd lfd Itd,base = Whaselfd1d1d1d,base
fd = —7

2 Vfd ,base Vfd ,base Vfd ,base
(71)
3 wpaselsidlaldqo,base  Whaselfdrdlfdlfd base  Whaselrd1d1dd,base
=57y V. V;
1d,base 1d,base 1d,base
(72)
From (46) and (47),
Imd 3 Ista
/fd,base = 7qu0,base; Vfd,base = 5 quO base
Isfaq 2 /
/ _md | Y 3 /sld
1d,base — /7 dq0,base 1ld,base — & dq0,base
sld 2 l

By using the above terms, the equations (70) - (72) can be written as
follows:

Siva (IIT P) EE549 45 /102



_ Whase(Imd + lis)laldgo, base +wbase/mdlfdldq0,base Whase lmd 11d ldqo, £

g =
quO7 base VchO7 base quO ,base
(73)
_ Whaselmdldldqo,pase = Whaselfdfd I Ifd base . Whaselfd1d1d1d,base
g = —
quO ,base Vfd ,base Vfd ,base
(74)
_ Whaselmdldldqo,pase | Whaseltd1dlfdlfd pase  Whasehd1dhdlid, base
Y19 = — v v v
dq0,base 1d,base 1d,base
(75)
The mutual inductances have been made equal. )
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@ Flux linkage equations of windings in g-axis
After following the same steps used in d-axis,

_Wbase(lmq + Ils)lq/qu,base+wbaselmqllqldq0,base Wbase/mq/2qldq0,b‘

qu
quO ,base quO, base quO ,base
(76)
1o = Wbase/mq/q/dqo,base Wbasellqlqllqllq,base Wbase/1q2ql2ql2q,base
lg — —
\/qu7 base Vl q,base Vl q,base
(77)
¢ wbase/mq/q/dqo,base OJbase/1q2qllqllq,base wbase/2q2q/2ql2q,base
2g — —

quO7 base V2q, base V2q, base
(78)
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Let us define the following parameters to

and (76) - (78).

X = Xls _ Whasells _ Wbasells/qu,base
quO,base quO,base quO,base

Xy = Xmd Whaselmd N WhaseImd ldq0, base
quO,base quO,base quO,base

qu _ Xmq _ Wbaselmq _ Wbaselmqldqo,base
quO,base quO,base quO,base

Xeg = Xdfd _ Whaselfdfd _ Whase lfdfd Ifd, base
Z fd,base V4 fd,base Vfd ,base

Xy = X1did _ Whaselldid _ Whaseld1d/1d,base
Zld,base Zld,base Vld,base

qu _ Xlqlq _ <")basellqlq _ wbasellqlqllq,base
Zlq,base Zlq,base qu,base

X2q _ X2q2q _ Wbase/2q2q _ wbase/2q2ql2q,base
Z2q,base Z2q,base V2q,base

EE549

simplify the equations (73) -(75)

(79)
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Xiid = X1d — Xmds Xing = X1g — Xmg, Xi2g = X2qg — Xing

 Whaselfd1dld base  Whaseltd1d Isfd
Xtd1d = % = ; Itd, base
fd,base fd,base Isld

Whaseltd1d Istd

Zfd,base lsld

(80)
X B wbasel1q2q/2q,base . Wbasellq2q /slq
1q2q — V. - V. | 1q,base
1q,base 1qg,base Is2q
. Wbasel1q2q /slq
Zlq,base /52q
Xa = Xis + Xmd, Xq = Xis + Xing, Xita = Xeg — Xind (81)
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By using (79), (80), (81) and defining Ky = 3¢ and K, = );Zf

y < the flux
linkage equations can be written as follows:

q

Vg = Xd(—la) + Xmdltd + Xmdhd (82)
Vg = Xmd(—la) + Xealtg + KaXimd hLd (83)
V1d = Xmd(—la) + KaXmaltd + X1ahd (84)
Vg = Xq(—=1g) + Xmghq + Xmghq (85)
PY1g = Xmg(—lq) + Xighq + KgXmghq (86)
V2q = Xmg(—lg) + KgXmghq + Xaqhq (87)
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If Ky and K are assumed to be unity,

@ d-axis flux linkage equations

Vg = Xd(—lg) + Xinaltg + Xmaha (88)
g = Xmd(—la) + Xealta + Xmaha (89)
V1d = Xmd(—1d) + Xmdld + Xiahd (90)

@ g-axis flux linkage equations

Q/Jq = Xq(—lq) + qullq + qul2q (91)
VY1g = Xmg(—lq) + Xighg + Xmghq (92)
1/}2q = qu(—lq) + qullq + X2q/2q (93)
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Synchronous Machine Parameters

@ Synchronous machine parameters are normally specified in terms of
sub-transient and transient reactances, open circuit sub-transient and
transient time constants.

@ Those parameters need to be defined.

@ Sub-transient reactance

X/l — Xls +

1
1 1 1 (94)
Xod T X T Xia

e This can be found by applying a voltage at stator terminals such that
only Iy flows with all rotor circuits shorted.
o At t =0T, sy and 114 will be zero.
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Hence,

g = Xa(—1a) + Xmaltg + Xmdha (95)
0 = Xmd(—lag) + Xealtg + Xima (96)
0= Ximd(—1g) + Xmdalta + X1ahd (97)

Solving (96) and (97) for Iy and h4 and considering (81),

XmdX1d
|y = I} 98
T Xna Xifd + XmaXind + XigaXing © (%)

Xmd Xitd
Ly = / 99
YT Xond Xt + XmaXind + XigaXi1a © (99)

Substituting (98) and (99) in (95),
X2 (X X
ha = — (xd - ma X4+ X10) ) ly  (100)
Xmd Xitd + Xmd Xiid + Xiea Xiid
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Since Xy = Xjs + Ximd,

g = — (Xls n Xmd Xitd Xi1d >
Xmd Xitd + Xmd Xiid + Xiea Xind
(101)
_ 1 o\l
= - Xls + 1 1 1 Id - dld
Xod T Xpg T Xing

Similarly, the quadrature axis sub-transient reactance can be
expressed as,

X! = Xis + (102)

1 1 1
qu + X/lq + XIZq
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@ Transient reactance

1

de m

It is found by the same approach followed for X/ with an additional
assumption that the damper winding transients settle down faster
compared to the field winding transients. Hence 14 =0. With this
assumption, by solving (95) and (96) and using (81),

Xz Xmd Xitd
- (X, = md L, =— (X m /
i < T Xomd + XIfd) ¢ ( st Xmd + led> d

1
Xond T Xia

Similarly, the quadrature axis transient reactance can be defined as

(104)

1
!/
Xg=Xs+ 11

qu Xllq
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© Open circuit sub-transient time constant

e A voltage is applied to the field winding with stator terminals open so
that /; = 0.
o At t=0+, 1/)1d=0.

Substituting these assumptions in (90) and (55),

Xid

leg = ———1 1
=% hd (106)
1 dley dliy
X + X Righg = Vig =0 107
wbase< md e+ X1d= .~ >+ 1dhd = Vid (107)
1 dl 1 Xyg dlf R
fd_ (_ 1d dhd  Rig /1d> (108)
Whase dt Whase Xmd dt Xmd
Substituting (89) in (54), we get
1 dlgy dhy
X, Xm Reyleyy =V, 109
wbase( gyt Xmd— = >+ tald = Vi (109)
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To get a first order differential equation in terms of /4 with a forcing
fucntion Vi, let us substitute (106) and (108) in (109).

1 (_dexld dhg  XeRig hy + X ddlld> _ ReaXid hy = Ve
Whase Xmd  dt Xmd " dt Xmd
(110)
On simplification, we get
1 X2 — XX dl X
Whase \ XfdR1d + X14Re ) dt Xt Ria + X14 R
In a practical generator, Ryy >> Rygy. Therefore, X14Rsy can be
neglected. Simplifying (111), we get
1 Xmd Xifd > dhg Xmd
- Xj1g + —hg = V, 112
Whase R1d < M Xpd + X ) dt T XggRug (112)
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Hence, the open circuit d-axis time sub-transient time constant is

1 Xmd Xifd
Tio=—p— <X/1d o
9 paseRid Xmd + Xitd (113)
1 1
= (Xlld + 11>
base '\1d de + m

Similarly, the open circuit g-axis time sub-transient time constant can
be expressed as

Whase R2q Xomg Xiq

1 1
0= —"5— (Xl2q + T ) (114)
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@ Open circuit transient time constant
In addition to the assumptions made in calculating T, the current in
the damper winding f14 is zero. From (89) and (54), we get

Vg = Xralta (115)
X dl Vi
ij_Hfd:ﬁ (116)
Whase Rfd dt Rfd
Hence, the open circuit d-axis transient time constant, in seconds, is
defined as X
Thy=—21 117
a0 Whase Red ( )
Similarly, the open circuit g-axis transient time constant can be
expressed as
X1
/ q
= 118
90 Wbasequ ( )
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Let us also define the following new variables.

Xm
O Vg, Ej= Mg (119)

Xmd
E = Zmd Erg =
97 Xy, VY, Em R

Our aim is to express the voltage equations and flux linkage equations
using the sub-transient and transient reactances and open circuit time
constants along with (119).

From (89) and (90),

1 1
Itq Xtd de} [Wd] [ Xtd de} [de]

= + / 120
le] [de X1d 14 Xmd  Xid Xima | (120)

Let A = Xy X1g — X,%d = Xitg Xmd + Xi1d Xmd + XirgXj1q Therefore,
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lta = (deq/]fd - mdd’ld) + — A (dede X2d) 1y

2 (121)

ha = Z( Xmd¥td + Xeg¥rd) + E (XraXimd — Xa) la

Equation (121) can be expressed using X/, X, , Xg and (121) as given
below.

1 XaX1d Xmd 1 ( X2 d) Xind
—X - -~ (14 Zmd ) Ztmd
AR SN A ) Xy U
. X2 Xg—X) (X, —X"!
Since Kd = ( d(sz(xlj)zid) and Ec/; = de e,
1 1 (Xg — X)X, = XN
—X - (1 E
p Ve = ( T Xy q
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1 1 X2 1 [((Xqg = X)X, —X)
— X —_ - 7’md — d/\"*d d
A XmdV1d = 5 ATV = 5 < (X, — Xis )2 Y1

1

1 Xia X1ndXmd
XXy — X2 |, = - Mra7rld7imd
A( 1d Xmd ) ld X A

. 1 (Xi—Xis) Xigg Xnd Xmd _ Y/
Since X = (Xd—X;)de and =fEERdEmd — XU — X,

1
A

X _X/ XI/ _X

de (X(/j - Xls)
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1 Xtd Ximd
CX by = - 2md
; d¥fd N Vg

ince X — (Xg=XJ)
Since ¢ = (X —Xis)?

! de
and Eq = Xy 1[de,

1 (X!, — X1
—-X — Md “dJ pr
A \md ¥t (X, = Xis)2 9

Xtd (Xg —X3)

A P14 = (X(/j — Xls)2¢1d
1 XigXma , (X, — XU
— (Xt X — X2 ) lg = Iy = 4 2d/
A XaXimd = Xing)la AT (X=X @
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By using the above terms, the equation (121) can be written as

1 s (Xa = X)(XG = XY) (| (XG = Xis)(XT — Xis)
g = X (Eq + (X — X, )2 E,+ X, —X7) lg + 14

1
v (Eq+ (Xa = X3)(lg — ha))
=5 (E
(122)
(X/ X//) ,
he = o824 (—E/ 1y(X, — X 123
1d = (X, — X)( + 1d + la(Xg — Xis)) (123)
Substituting (122) and (123) in (88),
Vg = Xd(—la) + Xmaltd + Xmaha
= E(/7 — X(/,/d + (X(/, — Xis)hd (124)

(X// X/s) E/ (X/ X//)

X/
a0 B (X~ Xe)

(o
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Similarly, the g-axis flux linkage and currents can be expressed as

_ " (Xg — Xis) / (X(,l X”)
Vg = —Xglg - (x(}7 — Xis) Ea (X! — )wzq (125)
1 . '
/1q = Tm (—Ed + (Xq - Xq)(lq B I2CI)) (126)
X/
bg = ((X/XI))(Ed + t2q + lg(Xg — Xis)) (127)
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w1 XmdXifg \ 1 Xi1dXmd + Xind Xitd + Xmd Xifa
Tgo= ——F5 | Xna + =
Whase R1d Xmd + Xifa Whase R1d Xed
i (2) o (5
B WhaseR1d \ Xtd N Whase R1d (Xé - X:;/)
Similarly,

T — 1 (Xc; - X/S)2
q0 Whase R2q (Xcly - X:;/)
By substituting the equations (122) - (127) in the voltage equations given
in (54) - (57), we get

1 d?,bd w
— % = Vy+ Rsly + 128
Whase dt d ? Whase ¢q ( )
1 diyg w
— =V, + Rsly — —— 129
Whase dt 7 = Whase Ve ( )
1 dio
—— = Vo + RSl 130
Whase dt o+ 0 ( )
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dE/ (X/ _ X//)
T/ 9 _F (X — XN, — Xd ) pr
Y A Y
+ (Xg — Xis)la + ¥14] + Egg
d
T/ z;d = Ey — (Xg = Xis)la — 14 (132)
dE), (Xg = XJ)
(’IOF = —E({]—F(Xq—X‘/]) (/q—M(Ed+(X Xls) +¢2q)
(133)
d
A fj" —E)— (X} — Xis)lq — 2 (134)
(X — Xis) o, (Xg—X§)
Vg ==Xy X0~ %) 9 (XQ—X/s)wld (135)
(Xg — Xis) (Xg —Xg)
—_x". 4 El 4 Y49 “4a/ 136
Yq q'q (X! — Xis) at (X§ - X/s)%q (136)
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Apart from the above equations, the swing equation also needs to be
considered.

dé

oW Tws (137)
2H dw
USE = Tm — Te — D((/J — (,Ubase) (138)

where T = Yglq — Vqly
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Example 1

A 555 MVA, 24 kV, 0.9 pf, 60 Hz, 3 phase, 2 pole synchronous generator
has the following inductances and resistances associated with the stator
and rotor field windings: (P. Kundur Example 3.1)

la = 3.2758 + 0.0458 cos(26) mH

I, = —1.6379 — 0.0458 cos(20 + 60°) mH
s = 0.4129 mH

laf¢ = 40cos® mH; Iy = 576.92 mH
rs = 0.0031 ; ry =0.0715Q

© Determine /Iy and /; in Henrys.

@ Determine Xpg and Xmg in Ohms.

© Determine the per unit values all the parameters in dg0 frame.
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Example 1 (contd.)

@ We know that
3 3
Id = E(laaO + /aap); /q = 5(/330 - laap)

(refer to slide 28).

3
ly = 5(3.2758 + 0.0458) = 4.9824 mH

3
lg = (32758 — 0.0458) = 4.845 mH
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Example 1 (contd.)

Xmd = Xd — XIs  Xmq = Xq — XIs

(refer to slide 49 and equation (81) ) Let us first find inductances
Id = Iy — ) = 4.9824 — 0.4129 — 4.5695 mH

Img = lq — ljs = 4.845 — 0.4120 = 4.4321 mH

Xmd = Wbaselmd =2xm x 60 x 45695 = 1.7227 Q
Xmg = Whaselmg = 2 X ™ x 60 x 4.4321 = 1.6709 Q
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Example 1 (contd.)

© Let us find the base quantities (refer to slides 32, 33, & 34).

24
Viase = —= = 13.8564 kV  Spase = 555 MVA
V3
Sbasr—: o 555

Ibase = = 13.3512 kA

3Vpase 3 x 13.8564
Vidgo.base = V2Vhase = V2 x 13.8564 = 19.5959 kV

ldqo base = V2lpase = 18.8814 kA

Vago.pase  19.56
Z ase — h = =1.0378 Q
aq0.b lgo base  18.8814

70 base 1.0378
L = =99 = = 2.753 mH
da0base = T T DX 7 % 60 m
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Example 1 (contd.)

Imd 4.5695

ltd . base = 7 ldgo,pase = ——~— % 18.8814 = 2.158 kA
Istq 40
(Ista = lata)-
/
Vfd base — Sbase = §Ldquo base — 257.183 kV
’ Ifd,base 2 lsfd ’
V,

Zfd base = ,:’bbase =119.18 Q

,base
Z

Ltd base = ;db’base = 316.12 mH

ase
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Example 1 (contd.)

The per unit values are

Xind = 1;??; = 1.66 p.u.
Ximq = % =161 p.u.
Loy = 4é§765935 — 1.66 p.u.
Lmg = 42‘.4735231 =1.61 p.u.

In the per unit system, L = X.
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Example 1 (contd.)

I 576.92

e 15 o
0.0031
s = 10378 0.003 p.u.
0.0715
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Steady State Analysis

© In the steady state, the rotor rotates at the synchronous speed
(w = Wbase)-

@ Damper winding currents (h4, hgq, kq) are zero.

© In steady state, all the differential components vanish.

@ In steady state, the zero sequence component is zero.
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In steady state, the equations (128) - (137) become,

Vg = —Rely — g (139)
Vg = —Rslg + v (140)
Eg = Eq + (Xa — Xg)l (141)
Uig = Eq — (Xg — Xis)lg (142)
Eq=(Xq— Xcly)lq (143)
thaq = —Eg — (Xg — Xis)lg (144)

The d-axis flux linkage equations given in (88) - (90) in the steady state
are

Vd = Xd(—ld) + Xmdla (145)
Vd = Xmd(—la) + Xealra (146)
V1d = Xmd(—la) + Xmd It (147)
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The g-axis flux linkage equations given in (91) - (93) in the steady state
are

Vg = Xq(_/q) (148)
wlq - qu(_lq) (149)
Yog = qu(_lq) (150)

Substituting /¢y from (146) in (145), we get

Vg = Xg(—lg) + Xind <wfd+xmdld>

X
X2 Xmd (151)
— 1, x, = Zmd 2 md
d< d de>+ X Y
= —1yX) + E,
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From (144) and (150),

~Xmglg = —Ely — (X, — Xis)lq
(qu + XIS)(_Iq) - _Ecll - Xclqu

152
Xq(—lg) = —E4 - Xclllq (52
Vg = —Ely— Xb1g
Substituting (151) and (152) in (139) and (140),
Vy = —Rslg + X.lq+ E, (153)
Vg = —Rslq — Xjla + E, (154)
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Let the three phase terminal voltage in per unit be

Via = Vm cos(wt + «)
Vep = Vi cos(wt + a — 120°) (155)
Vie = Vi cos(wt + a + 120°)

Applying the Park’s transformation, we get

Vg = Vpcos(wt + a — 6)

156
Vg = Vmsin(wt + o — 6) (156)

0 is the angle between d-axis and the stationary axis a. Let
0 =wt+ by

where 6 is rotor position at t = 0.
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In per unit system, peak value and RMS value are the same.

Vg = Vi cos(a — bp)

157
Vy = Vysin(a — 6p) (157)

Though Vy adn V; are scalar quantities, they can be represented as
phasors due to their trigonometric relations.

ViZao—0g = Vg + qu (158)

g-axis

Vi

o — O

d-axis
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Let us define § which is the angle between g-axis and V;.

5 =90° — (a — o)

Vg + Vg = Vi(sin 6 + ycos &) = V; (159)

Similarly, the stator current /; lagging V; by ¢ can also be expressed as
lg + gl = le(sin(8 + @) + gcos(d + ¢)) = Iz (160)
Substituting (153) and (154) in (159), we get

Vt: —Rs/d+X(/’lq+Ec/1+](_RSlq_X(/1ld+E(/]) (161)
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Rearranging (161),

Vi = —Rslg + Xglg + Eq + 5(—Rslg — Xgla + E)
= —Rs(lg + 3lg) = 2Xq(lg + 9lg) + 3Xq(la + 2lg) + Xglq + Eg + 3(=Xgla + Ey)
= —(Re + 2X)le + Ej — (Xq — Xq/,)lq +9((Xg = X la + Eé, + Xalag — Xdla)
= —(Rs + 2Xg)le + Eg — (Xg — Xl + 3((Xg — Xa)la + (Xa — Xg)la + Ep)

From (143), £ — (Xg — X.)lg = 0. From (141), Erg = E} + (Xg — X}) .
Vi = —(Rs + 31Xg) It + 3(Xqg — Xa)la + Eta) (162)
Since Efy = %Vfd = Xmdlfd,

H((Xg = Xa)la + Xmalw) = Ve + (Rs + 9Xg) It (163)
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Let the internal voltage of the generator be E; = (Xq — Xg)ld + Ximalfa-

1Eq = Vet (Re ¥ g Xa)le (164)
Eq = Vt + (RS + ]Xq)/t

E, is defined as the internal voltage behind the synchronous reactance X,

Equation (164) can be represented as

Figure: Equivalent circuit of steady state synchronous generator
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d-axis

Figure: Phasor diagram
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Under no-load or open-circuit conditions, Iy = I, = 0. From (143), (140),
(141) , (143), (145), and (148) we get

Vg =Eqg=Ey = Eg = Vi = g = Xind 1 (165)
Vg=E,=1,=0 (166)

Therefore o
Eq = 1Ximdlrd (167)

The terminal voltage

Vi = Vg4 )Vy = )Vg = 1 Xmalt (168)

Siva (IIT P) EE549 86 /102



Steady state - No Saliency

If saliency is neglected,

Xg=Xqg =X
where Xj is the synchronous reactance. Therefore,
Eq=Ve+ (Rs +3X:)lk (169)
with Xy = Xg, the magnitude of Ej is
Ey = Xndlsg (170)

Figure: Steady state equivalent circuit with saliency neglected

Siva (IIT P) EE549 87 /102



Active and Reactive Power

The terminal complex power is
S=Vil;
= (Va + 3Vg)(la — 1lq)
= (Vylg + Vq/q) +J(Vqld - leq)
P: = Vglg + Vqlg (171)
Qt = Vglg — Vg (172)
The steady state torque is given by
Te =valg — ¥qld
From (139) and (140)
Te = (Vg + Rslg)lg + (Vg + Rsla)lg
= Valg + Valg + (I3 + I2)Rs (173)
= P; + I2R; = Real(E, 1)
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Steady state values - Procedure

For stability studies, it is necessary to find the initial steady-state values.
@ Normally, P, Q: and V; are specified. From the terminal conditions,

V P+ QF P
| — t t _ -1( 't
= IR ot (P
Eq = Vi L0° + 11 L—p(Rs + 3Xq) (174)
@ Find 4.

5 = tan-1 ¢ Xqcos ¢ — ItRssin ¢
a Vi + ItRs cos ¢ + 1:Xg sin ¢
a (175)
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Steady state values - Procedure (contd.)

© With 6 known, the dg components of stator voltage and current are

given by
Vg = Visind (176)
Vg = Vicosd (177)
lg = lesin(6 + ¢) (178)
lg = It cos(6 + @) (179)
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Steady state values - Procedure (contd.)

@ The remaining machine quantities are computed as follows:

Vg = Vg + Rslg

g = —(Vy + Rslq)

Y + Xdla
de

Etg = Ira Rrd

Vg = Xmd(—la) + Xealra

Y1d = Xmd(ltd — la)

Y1q = V2g = —Xmglg

Te =Pr + /t2Rs

ltg =
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Example 2

Consider a synchronous machine serving a load with

V; =1.0/10° I, =0.5/-20°

It has Xy = 1.2, X4 =1.0, Xpng = 1.1, X, =0.232 and Ry = 0.
Find 0, Vg, Vy, la, lq, Y4, Y¥q, Eq, Eta, Te, Pt.
@ Let us find 4.

5 — tan-1 I:Xq cos ¢ — I:Rs sin ¢ ean-l 0.5 x 1 x+/3/2
a Vi + ItRs cos ¢ + [ Xy sin ¢ N 1+05x1x1/2

0 = 19.1066°
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Example 2 (contd.)

° Vy = Vesind = 1 x sin(19.1°) = 0.3273
Vg = Vicosd =1 x cos(19.1°) = 0.9449
lg = lesin(d + ¢) = 0.5 x sin(19.1° + 30°) = 0.3780
lqg = It cos(6 4+ ¢) = 0.5 x cos(19.1° + 30°) = 0.3273
o

Vg = Vg + Rslg = 0.9449
Vg = — (Vg + Rsly) = —0.3273

Vg + Xglg  0.9449 + 1.2 x 0.3780
Xmd 1.1

Eq = (Xq—Xg)lg+Xmaltg = (1-1.2) x0.3780+1.1x 1.2161 = 1.3229

Iy = —1.2713
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Example 2 (contd.)

Te = Yglg — glg = 0.9449 x 0.3273 + 0.3273 x 0.3780 = 0.4330

P = Real(V; I;") = Real(1.0/10° x 0.5/20°) = 0.4330

Te = Pe+ I2Rs
Since Rs =0, T, = P;.
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Saturation Effect

© Saturation does not affect leakage inductances as the path of leakage
fluxes is mainly air.

@ Saturation affects only mutual inductances.

© The effect of saturation on mutual inductances can be computed
through the open circuit characteristics of machines.

@ There is no saturation effect on mutual coupling between d and g
axes.

Therefore, the effects of saturation may be represented as

de,sat = stde,unsata qu,sat = ququ,unsat

where Kgy and Ksq are the degrees of saturation in the d and g-axis,
respectively.
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At no load, Iy = Ig = 0. From (145) and (148),

VYa = Xmdlfa, ¥g=0 (180)
From stator voltage equations,

Ve =/ V3 + V2 =1y (181)
It shows that in per unit the terminal voltage and the stator flux linkage

are the same.
At no load, the stator flux linkage is

U = \JVG V2 =g = Vi (182)
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Ve (p-u.)

1.0

Air gap line,

Isc (p.u.)

-11.0

S R R I

Figure: Open circuit characteristics of a synchronous generator
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if we neglect R,,
K/f,sc = 1'0Xs,unsat (183)

where K is the slope of the air gap line.
To produce 1.0 p.u. terminal voltage,

Klf .g = 1.0 (184)
Hence, |
Xs,unsat = /f,sc (185)
f,ag

Similarly, the saturated synchronous reactance is

/
Xs,sat = /f,sc (186)
f,nl
Let us define the short circuit ratio (SCR).
/ 1
SCR= -2l — (187)

If,sc Xs,sat
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Figure: Open circuit characteristics
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wt — wt,ag

de,unsat - (188)
/f,ag If,nl
Kt = 15 (19)
f,nl
From (188) and (189),
Ve Yt
Xm sat — 7Xm unsat — 7Xm unsa 190
dsat wt,ag & ! wt + 1/}J . ! ( )
If djt é ’l/)”ny
Py =0; de,sat = de,unsat
If ¥ > iin,

vy = AsateBsat(dft—lbﬁn)
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@ Cylindrical pole rotor
qu,sat = de,sat
@ Salient pole rotor: The effect of saturation on g-axis is neglected as
the air gap is more along g-axis.

It can be extended to loaded conditions as given below.

Vg = (Xis + Xmd)(—1la) + Xmdlta + Xmahd = —Xisla + ¥Ymd

(191)
wq = (Xls + qu)(_lq) + qullq + qu/2q - —X/S/q + ¢mq

Substituting the stator voltage equations in steady state given in (139)
and (140) in (191),

Ymd =Yg + Xislag = Vg + Rslg + Xislg

(192)
wmq = wq + Xls/q = _Vd - Rs/d + Xlslq

wmd +]¢mq = Vq + Rs/q + Xlsld +](_Vd - Rsld + Xls/q) (193)
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Let E; be the voltage behind leakage reactance.
E/ = Vt + (Rs + ]Xls)lt (194)

From (193) and (194),
Ve = [y + Vg = |El (195)

@ 1)y computed from (195) is used to calculate Xpng sat and Ximg,sat-

@ They have to be used for calculating sub-transient and transient
reactances and time constants.
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