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Small Signal Stability

It is the ability of the power system to maintain synchronism when
subjected to small disturbances.

@ Small disturbances can be a small change in load or generation or line
tripping.

@ Since the disturbance is small, the nonlinear differential algebraic equa-
tions that describe the system may be linearized around the steady
operating point.

@ Instability can be of two forms.

@ steady increase in rotor angle due to lack of synchronizing torque
@ rotor oscillations of increasing amplitude due to lack of sufficient
damping torque.

@ In modern power systems, the instability is mainly due to insufficient
damping.
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There are three modes of oscillations due to small disturbance.

@ Local modes of oscillations are due to a single generator or group of
generators oscillating against the rest of the system.

@ |Intra-plant modes of oscillations are due to oscillations among the gen-
erators in the same plant. The typical frequencies of oscillations of
local and intra plant modes are in the range of 1 Hz to 2 Hz.

© Inter area modes of oscillations are due to a group of generators in
one area oscillating together against another group of generators in
a different area. The typical frequency range of inter area mode of
oscillations are 0.1 Hz to 0.8 Hz.
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There are three modes of oscillations due to small disturbance.

@ Local modes of oscillations are due to a single generator or group of
generators oscillating against the rest of the system.

@ |Intra-plant modes of oscillations are due to oscillations among the gen-
erators in the same plant. The typical frequencies of oscillations of
local and intra plant modes are in the range of 1 Hz to 2 Hz.

© Inter area modes of oscillations are due to a group of generators in
one area oscillating together against another group of generators in
a different area. The typical frequency range of inter area mode of
oscillations are 0.1 Hz to 0.8 Hz.

@ Local, intra-plant and inter-area are electromechanical modes of os-
cillations in which the rotor angle and the speed of the generators
oscillate.

@ Apart from electromechanical modes of oscillations there can be control
modes, due to lack of proper tuning of controller like voltage regula-
tor of an excitation system, and torsional mode of oscillations due to
oscillations in the turbine-generator shafts.
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Fundamental Concepts of Stability of Dynamic Systems

The behavior of a dynamic system such as a power system may be
represented by a set of n first order nonlinear ODEs as follows:

).(,‘:f—,‘(Xl,X2,"‘,Xn;U1,U2,"',Ur;t) i:1727“'7n (1)

where n is the order of the system and r is the number of inputs. It can be
written as

x = f(x, u, t) (2)
where
x1 uy fi
X = X:2 u= u:2 f= g
Xn u, fn
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If the state variables are not explicit functions of time, the system is said
to be autonomous.

x = f(x,u) (3)
The output vector can also be written as

y = g(x,u) (4)
where

7 81

Y2 82

y=1_. g=1.
Ym 8m
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Equilibrium Points

At equilibrium,
x = f(xo,up) =0 (5)
where Xq is the state vector x at the equilibrium point.
o If f is a set of linear functions, the system is linear. Linear systems
have only one equilibrium state.

o If f is a set of nonlinear functions, the system is nonlinear. Nonlinear
systems may have more than one equilibrium state.
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Linearization

Let xg be the initial state vector and ug be the input vector corresponding
to the equilibrium point.

X = f(Xo, UO) =0 (6)
Let us perturb the system from the above state.
X=X+ Ax u=up+ Au

where A denotes a small deviation.
At the new state,

% = X + A%
= f(xo + Ax, ug + Au)
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As the perturbations are assumed to be small, the nonlinear functions
f(x,u) can be expressed in terms of Taylor's series expansion. By
neglecting the higher order terms,

X; =xjo + Ax; = f(xo + Ax, ug + Au)

of; of;
fi(xo, uo) + 67AX1 + - 6x,,AX”
81‘ Gf
Au,
8u1 8u, “
Since xjp = fi(xo, Uo),
of; of; of; of;

Ax;i = — A o =LA, + =LA oo+ —LAu,
X 0xq X1+ + Oxp, X+ ou e ou, 4

with i = 1,2,--- _ n. Similarly,

og; 0 g
ijzaiiAxl—f— aiAn—FalAu ++aur

with j=1,2,--- m.
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Therefore, the linearized forms of equations (3) and (4) are

Ax = AAx + BAu (8)
Ay = CAx+ DAu (9)
where
o ... of of ... of
ox1 Oxn ouy ou,
A= S B=|: .
Oty .. Oy ofy .. 0Ofy
L Oxq OXn ouy ouy
roen ... 9&m Jg1 .. O& (10)
8x1 8Xn 8U1 aur
C=|: . | D=|: -~
ogm ... Ogm Ogm .. Ogm
L Ox1 OXn ou ouy
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Ax = state vector of dimension n
Ay = output vector of dimension m
Au = input vector of dimension r
= state or plant matrix of size n X n
B = control or input matrix of size n X n
C = output matrix of size m x n

D = feed forward matrix of size m x r
By taking the Laplace transform of the equations (8) and (9),
sAx(s) — Ax(0) = AAx(s) + BAu(s) (11)

Ay(s) = CAx(s) + DAu(s) (12)
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Rearranging the equation (11),
(sl — A)Ax(s) = Ax(0) + BAu(s)

Hence,
Ax(s) = (sl — A)7[Ax(0) + BAu(s)] (13)

and
Ay(s) = C(sl — A) 71 [Ax(0) + BAu(s)] + DAu(s) (14)

The poles of Ax(s) and Ay(s) are the roots of the equation.
det(sl —A) =0 (15)

The values of s which satisfy the above equation are known as the
eigenvalues of matrix A. Equation (15) is referred to as the characteristic
equation of A.
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Eigenvalues

The eigenvalues of a matrix are given by the values of the scalar parameter
A for which there exist non-trivial solutions to the following equation.

Ad = Ao (16)

where

A is an n X n matrix

¢ is an n x 1 vector

To find the eigenvalues,

(A=X)p=0 (17)
For a non-trivial solution,
A=Al =0 (18)
EE549
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The eigenvalues may be real or complex.
If A is real, complex eigenvalues always occur in conjugate pairs.

Similar matrices have identical eigenvalues.

A matrix and its transpose have the same eigenvalues.
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Eigenvectors

For any eigenvalue A;,

Aﬁbi:)\i(bi i:1,2,---,n (19)
The eigenvector ¢; is the right eigenvector and has the form

b1
o= |
¢ni

Similarly, the n-row vector v; which satisfies

ﬂ)iA:)\,’w; i:1,2,---,n (20)

is called the left eigenvector for the eigenvalue ;.
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@ The left and right eigenvectors corresponding to different eigenvalues
are orthogonal.

Yjgi =0
@ For the same eigenvalue,
igi = G
where C; is a non-zero constant.

o If the eigenvectors are normalized,

Pigi =1
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Let the left and right eigenvector matrices be defined as

S=[p1 ¢ - o0l
V=" o’ o ]

From the properties of eigenvectors,

. (21)

OV = | (22)

V=0t (23)

Let an n dimensional diagonal matrix of eigenvalues be defined as
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In terms of these matrices, the equation (19) may be expressed as follows:
Ad = OA (25)

The above equation can be written as
A=0o"TAd = VAD (26)

®, W and A are of size n x n matrices and are called as modal matrices.
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Stability of a Homogeneous System

Let us take a homogeneous system which does not have an external input.
Therefore, the response is a natural response.

Ax = AAx (27)

@ Since there is cross coupling between states, it is difficult to isolate
those parameters that influence the response in a significant way.

@ To eliminate the cross coupling, let us consider a new state vector z.
Ax = ¢z (28)

where ® is the modal matrix containing right eigenvectors of A as its
columns. From (27) and (28),

®7 = Adz (29)
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The new state equation can be written as
7 =0 1Adz (30)
In view of (26), the above equation becomes
z= Nz (31)

The important difference between (27) and (31) is that A is a diagonal
matrix whereas A, in general, is non-diagonal.
Equation (31) is a set of decoupled first order equations.

z',-:/\,-z,- i:1,2,---,n (32)

The above equation is a simple first order differential equation whose

solution is
zi(t) = z(0)eNt (33)

where z;(0) is the initial value of z;.
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From (33), the stability of the system can be assessed as follows:

@ If all the eigen values are on the left half of s-plane that is the real part
of the eigenvalues should be having a negative value then the system
is stable. This is called as asymptotic stability.

@ If at least one of the eigen values is on the right side of s-plane that is
the real part of the eigen value is positive then the system is unstable.
This is called as aperiodic instability.

© The eigen values of a system with a real state matrix have complex
conjugate pairs of eigen values. If at least one of the complex conjugate
pair lies on the imaginary axis of the s-plane then the system becomes
oscillatory. This is called as oscillatory instability.

@ If at least one eigenvalues is on the origin then the system stability
cannot be assessed.
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From (28), the response in terms of the original state vector is

Ax(t) = dz(t)

Zl(t)
=[¢1 d2 - o0 (1) (34)
z,,.(t)
From (33),
Ax(t) = ¢izi(0)eM! (35)

i=1
From (34), we have

z(t) = o1 Ax(t)

= VAXx(t) (36)
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Therefore
zi(t) = Yidx(t) (37)

With t =0,
zi(0) = ¢iAx(0) (38)

Equation (35) can be written as
n
AX(t) = Z ¢ic,-e>"'t (39)
i=1

where ¢; = 1;Ax(0). The time response of i*" state is given by

Axi(t) = pincre™t + ¢ipcre™t + -+ + Pince™” (40)
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Ax(t) = dz(t)
=[¢r 2 - ¢nz(t)

and
z(t) = WAX(t)
= [T A’ ¢nT]TAX(t)
o Axy, Axp, .-+, Axy, are the original state variables. z1,2,--- , z, are

the transformed state variables.

@ The right eigenvector gives the mode shape, i.e., the relative activity
of the state variables when a particular mode is excited.

@ The left eigenvector identifies which combination of the original state
variables displays only the /" mode.
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The combined effect of activity and contribution of a state variable in a
particular mode can be represented as a matrix called as participation
factor. The participation factor matrix is given as

P=1[p1 p2 -+ pn]
where
p1i P1ivi1
P2i G2itin
pi = . = .
Pni Cbniwin

@ The element py; = Pxiwjk is termed as the participation factor. It is a
measure of k" state variable in the /" mode and vice versa.

@ Since the eigenvectors are normalized,

n n
Zpkizl; Zpkizl
i=1 k=1
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Controllability and Observability

Equations (8) and (9) are

Ax = AAx + BAu
Ay = CAx+ DAu

Expressing the above equations in terms of the transformed state variables
Z,

®z = Adz + BAu
Ay = Codz + DAu

The state equations in the decoupled form can be written as

z=NAz+B'Au (41)
Ay = C'z+ DAu (42)
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where

B =o¢"'B (43)
C'=Co (44)

o if the it" row of B’ is zero, the inputs have no effect on the it mode.
Hence, the it" mode is uncontrollable.

o if the ith column of C’ is zero, z; does not contribute to the formation
of outputs. Hence, the i*" mode is unobservable.

@ B’ of size n x r is referred to as the mode controllability matrix.

o C' of size m x n is referred to as the mode observability matrix.

Siva (IIT P) EE549 26 /97



Single Machine Connected to an Infinite Bus (SMIB)

(g + 7lg)e’"2 Re Xe
> Vi Z0°
1./ ‘

Vy + 9V,)e!0—32) = V,er
q

Figure: SMIB
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Small Signal Stability of a SMIB

Let us analyze with varying degrees of models.
@ Constant flux linkage model - Classical Model
© Flux decay model - Without AVR
© Flux decay model - With AVR
@ Flux decay model - With AVR and PSS
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Small Signal Stability of a SMIB - Classical Model

@ Let the input mechanical torque T,, be constant.
@ Therefore, turbine and speed governor dynamics are not needed.

@ Flux linkages are assumed to constant. Hence, field and exciter
dynamics are neglected.

o Let the generator be represented using the classical model.
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The differential equations of this model are

dé
2H dw
USE = Tm — Te — D(w — (A}base) (46)
The equivalent circuit of a SMIB system using this model is shown here.
Rs X/ ViZa R. Xe
J\/\/\/>_/YYY\—.1\/\/\/_NYYL
Itl’}’

+

Figure: SMIB equivalent circuit using the classical model
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With resistances neglected, the air-gap power (P.) is equal to the terminal
power (P¢). In per unit,

_ E'Vsiné

Te = Pe X7

(47)

where X7 = XQ + Xe. Linearizing around the equilibrium (Jg) for a small
disturbance gives

dAs

R0 _ A 48
p” w (48)
2H
2HdBY AT Daw (49)
ws dt
From (47),
!/
AT, = EYo0s% 5y ps (50)
Xt
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where K = Ew'§7ﬁ"s&’ is the synchronizing coefficient. Expressing them in
the state space form

- Tae a0l o] -

On taking the Laplace Transform and finding the characteristics equation,

5 wsD wsKs
s°+ 2H5+ oH

=0 (52)

By comparing it with the general form, s? + 2(w,s + w?, the undamped

natural frequency is

wsKs
2H

rad/s (53)

Wnp =

and the damping ratio is

Siva (IIT P) EE549 32/97



The time responses of the state variables are

A(S(t) = ¢11C1€>\1t + (Z)12C2€)\2t rad (55)
Aw(t) = ¢orc1eMt + pcoe™t  rad/s (56)

where ¢ is the right eigenvector matrix of the system matrix A and A; and
A2 are eigenvalues of it. ¢; and ¢, are calculated as follows:

HEr &

1 is the left eigenvector matrix of A
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Example 12.2 from P. Kundur : Figure show the system representation
applicable to a thermal generating station consisting of four 555 MVA, 24

kV, 60 Hz units.

m Line 1
j0.5

m Line 2
j0.93

Infinite
Bus

Ve

The reactances are in per unit on 2220 MVA, 24 kV base on LT side.
Analyze the small signal stability characteristics of the system about the
stead operating condition following the loss of line 2. The post fault
system condition in per unit on the 2220 MVA, 24 kV base is as follows:

P=09 Q=03 V;=10436° V, =0.99520°
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Use the classical model. X"j =0.3, H=3.5sand D =0. Determine the
time response if at t = 0, Ad =5° and Aw =0

Vi = 1.0£36°
E'Z$ @ G\,>0.99540O
. S* 09-403 .

E'= Vi+ I x 0.3 =1.0£36° + 0.95/17.56° x 70.3 = 1.123/49.91°
The angle of E’ with respect to the infinite bus is
do = 49.91°
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The synchronizing torque coefficient is

E'Vy 1.123 x 0.995
= 0sfg= —————

Ks=—x; % ="740s

c0s49.91° = 0.7574

The system matrix A from the linearized equations is

A— { 0 1 } B { 0 1}
—55Ks —55D —40.79 0
The eigenvalues are
)\1, )\2 = :tj6.39

The right eigenvector modal matrix is

¢ _ |90-1547 +;0.1547
~ | 0.99 0.99

The left eigenvector modal matrix is

Vool [ 73.2323 0.5061}

—13.2323  0.5061
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The participation matrix is

p_ [¢11¢11 ¢12?1}21} _ [0.5000 0.5000]
D112 P22 0.5000 0.5000

The time response is

A(S(t) = gbllcle)‘lt + ¢12C2€)‘2t rad
Aw(t) = porcreMt + gorcre™t  rad/s

c1 and ¢, are calculated as follows:
[q} _ [Aé(O)] _ [ 93.2323 0.5061} [0.0873] _ [ ]0.2822]
o) Aw(0) —23.2323 0.5061 0 —70.2822
The time response of rotor angle deviation is
Ao(t) = 0.0873 cos(6.35t) rad

The time response of speed deviation is

Aw(t) = —0.5644sin(6.35t) rad/s
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Small Signal Stability of a SMIB - Including Field Circuit
Dynamics

Let the input mechanical torque T, be constant.

Therefore, turbine and speed governor dynamics are not needed.

Exciter output voltage is constant. Hence, exciter dynamics are not
needed.

Let the generator be represented using the flux decay model.
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The DAE (Differential Algebraic Equations) of the flux decay model
excluding exciter dynamics are

dE’ , ,

TdO ar = —Eq - (Xg — Xd)/d + Exg (58)

do
oW T ws (59)

2H dw
—— =Tm— Te — D(w — wpase) (60)

ws dt
Vg + Rslg = —Xlq + Eé, (61)
Vg + Rslg = Xqlg (62)
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Where

Te = Real {((Xq — Xg)lg + 7E5)(la + 31q)"}
= (Xq - Xclf)/q/d + Ec/;/q

From the figure SMIB,

(Vg 4 3Vq)e?0=2) — v 140

100-3) — 3
(/d +]IQ)e 2 Re+]Xe (6 )
On separating the real and imaginary parts from (63),
lgRe — 1gXe = Vg — Vo sind (64)
lgRe + lgXe = Vg — Vo cos§ (65)
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Let the steady state operating point values of (E(’,,é7 Etdg, 14,1, Va4, Vy) be
(EL;O,(SO, Etd0, ldo, Iq0, Vo, Vgo). Linearizing equations (61), (62), (64) and
(65) for a small perturbation A around the steady operating point and
neglecting Rs give

AVSd] [0 X [al] [0

a7 =[5 ¥ L)+ g &
AVy|l  [Re —Xe| [Aly Vi cos dg

[AVJ - [Xe Re } {Alq] * [— Voo sinéo} Ao (67)

Siva (IIT P) EE549 41/97



Let the steady state operating point values of (E(’,,é7 Etdg, 14,1, Va4, Vy) be
( q07507 Etd0, ldo, Iq0, Vo, Vgo). Linearizing equations (61), (62), (64) and
(65) for a small perturbation A around the steady operating point and
neglecting Rs give

ave) = L ol [ax] + ag) &
gl e[zl w

By equating (66) and (67),
. B Ll 208 sl
68
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Solving for Aly and Aly from (68),

[Ald] _[ Re —(xe+xq)]—1 <[ 0 % [—Voocos&)} M)

Aly| T |(Xe+ X1 Re AE, Vo sin &

B 1 Re (Xe + Xg)

T ORZ+ (Xe + Xg)(Xe + X)) |:—(Xe+X‘/j) Re ]

[— Vo cos &g 0] [ A6 }

Vesindg 1 AE(’7

B 1

CORZ+ (Xe + Xg)(Xe + X7)

[ Vo (Xe + Xq) sin 0 — Re Vi cos &g (Xe+Xq)] [Aé]
(Xe + X)) cos dg + Re Vi sin dg R. AE,

OO

(69)
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On linearizing differential equations (58)-(60),

AE,
Ad
Aw
1
_TTO(X"’ - X3)
+ 0
e (Xg — X3 g0

=2 ((Xqg = X lao + Ego)

1

0 0
wbase /q 0 0
0
0

EE549

+

0
1

_ Whase
2H D

1

7
Td 0

0
0

0

Whase

|

AEc’7
JANS)
Aw

AEy]
AT

Al
Alg]
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On linearizing differential equations (58)-(60),

AE; -7 0 0 AE,
A | = 0 0 1 AS
A ey 0 —=D| | Aw
— 7 (Xa = X3) 0 AL
+ 0 0 [ d (70)
o (Xg — X))lgo  —2252((Xq — X)) lao + ELp) Bla]
2H \"\q d/'q0 2H q d)'do q0

+ 0 i
do AE
+l0 o [ fd
Whase

AT
0 =K
Substituting (69) in (70) and simplifying lead to
-/ 1 K. 1
AEq K3T’ - T;O 0 AE(,7 T!jo AEfd
Ad | = 0 0 1 Ad |+ 0 0 [AT ]
Ao ] |=pke —pka D) LAw] Lo ] T
(71)
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where

1
TR (e X)X+ X))
[lg0 Voo (XG — Xq)((Xe + Xq) sin 8o — Re cos do)
+ Voo (Xg — Xg)ldo — Ego)((Xe + Xg) cos do + Resin do)]

1

R2 + (Xe + Xg)(Xe + X3)
(Xg — Xq)(Xe + Xq)) — Re(Xg — Xq)lao + ReE!;O]

Ky =

Ko = [lgo((RZ + (Xe + Xq)(Xe + X}))—

(72)

1, XX+ Xy)
K3 RZ + (Xe + Xg)(Xe + X5)
Voo(Xd - thj)

K4 = [(Xe + Xq) sin 50 — Re Ccos (50]

R2 + (Xe + Xg)(Xe + X})
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Example 12.3 from P. Kundur : This example analyzes the small signal
stability of the example 12.2 including filed circuit dynamics.

HT
LT (000)___ Line1
jO.5
Ax555
MVA
rﬁ}fﬁ] Line 2
.15
Vi o j0.93
P—»
O—»=

Infinite
Bus

Vo

The parameters of each of the four generators of the plant are in per unit
on its rating are as follows:

Xy=181 X,=176 X,;=03 X =0.16

R; =0.003 T}, =8s

EE549

H=35 D=0
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If the plant output is

P=09 Q=03 V;=1.0436° V, =0.99520°

compute the following:
@ Eigenvalues of A and the corresponding eigenvectors and participation
matrix.
@ Synchronizing torque coefficient K5 and damping torque coefficient
Kq
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0.003 ALT6 s 9015 0.5
V, = 1.0/36°

E’éé@ @ 0.99520¢

I— - i - 0.9 _]0.3
ETvx T 1.04-36°

E' = Vi + Iy x (Rs + 3Xq) = 1.1253/49.84°

= 0.95/17.56°

The angle of E’ with respect to the infinite bus is

do = 81.99°
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Vigo = Visin(dp — ) = 0.7192
Vgo = Vi cos(dp — a) = 0.6948
lgo = It sin(do — ) = 0.8569
lqo = It cos(dp — ) = 0.4101
Elo = Vo + lgoRs + o X} = 0.9531
Erao = Elg + (Xg — X)) Iy = 2.2471

The system matrix A is

—-0.3237  —0.1957 0
A= 0 0 1.0000
—56.0058 —40.2725 0

The eigenvalues are
A1 = —0.0515; Ap, A3 = —0.1361 + 6.34
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Small Signal Stability of a SMIB - Including Exciter
Dynamics

@ Let the input mechanical torque T, be constant.

@ Therefore, turbine and speed governor dynamics are not needed.

@ Exciter dynamics, field flux variations along with rotor dynamics are
considered.
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A simplified fast acting static exciter is now considered which is
represented by a first order control block with a gain K and time
constant T4 as shown here.

v

K, Eq

1+sT,

ref
Figure: Simplified Fast Acting Static Exciter

The differential equation representing the dynamics of the exciter is

dE,
TAT:d = —Epy + KA(Vref — Vt) (73)

Siva (IIT P) EE549 50 /97



Linearizing (73) gives
dAEgy
dt

The terminal voltage in terms of dq0 parameters is

Ve=/V3+ V2 (75)

Vo Vao
—AYV,
v, SVt

Ta = —AEqy + KA(AVref - AVt) (74)

Linearizing (75) gives

AV, = (76)

o[t ][0

Vv, V| |Av,
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Linearizing (73) gives

dAExy
dt

The terminal voltage in terms of dq0 parameters is

Ve=/V3+ V2 (75)

Ta = —AEqy + KA(AVref - Avt) (74)

Linearizing (75) gives

Vo Vao Vao  Vgo| [AV4
AV = —AYV, AV, = |—— 7
t — \/ d+ Vt q |: Vt Vt AV ( 6)
Substituting (69) in (66) gives
[Avd} B 1 { 0 Xq]
AVq R2 4+ (Xe + Xq)(Xe + X)) |[=X4 O (77

Voo (Xe + Xg)sindg — ReVigcosdg  (Xe + Xg)| | A n 0
Voo (Xe + X)) cos dg + Re Vi sin do R AE; AE;
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Substituting (77) in (76) and simplifying give
AV, = KsAS + KsAE! (78)

where

1 Vo

Ks = Vdo
" RS (et X)X - X5)\ Ve

Xg(Re Vo sin 8o + Vo (Xe + X)) cos dp)

V.
+7"°xg,(Re Vo €08 8 — Viso(Xe + Xg) sin o))
t

1 Vi y o Vao

V.
= 240 R, — ~0 X! (X, + X, 40
R+ (% - X %o X0 v, N d(Xe +Xq)) +

K,
6 V; V;

Siva (IIT P) EE549 52/97



Equation (74) can be substituted in (71), with the linearized terminal
voltage defined in (78), and can be written as

-/ 1 Ky
LSE? KsTgo Too 0
A5 | 0 0 1
A I O
__RANRG __NRAR5
AEgy af af 0

EE549

1
o | [AFa
0 Ad
0 Aw
—L | [AEg
7 (79)
0
0 A Vref
e | | AT,
0
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Equation (74) can be substituted in (71), with the linearized terminal
voltage defined in (78), and can be written as

=/ 1 K 1
o I I R T N v
AEg — T 0 _T%\ AEr (79)
0 0
+ 0 0 AVref
0 | AT,
o0
Ta

@ The constants K7 and Kp are called as Heffron-Phillips constants and
the state space model is called Heffron-Phillips model.

@ It can be observed from (79) that the nonlinear SMIB system has
been linearized and now represented in state space with the state
variables being [AE[7 A0 Aw AEfd].

@ The stability of the system now depends on the eigen values of the
state matrix.
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The state space representation of the system given in (79) can be
represented as a control block diagram as shown here.

AS

1+5K,T,

AE, -IK_ﬁl
L1

Figure: Heffron-Phillips model

Siva (IIT P) EE549 54 /97



Taking the Laplace transform of (79) gives

1 K

'(s) = AE! AS —AF,
SAEq(S) K3T(/10 ( ) T‘;O (S) -,—‘/10 fd( )
sA(s) = Aw(s)
sAw(s) = “’2"7;*’ KoAEL(s) — “’2"7_76 KiA(s) — “’2";76 DAw(s)
Wbase
ATm(s)
2H
KaK. KaK:
SAEy(s) = — ;\_A6AE£’,(5)— ‘T‘A5A5( ) — — AEx(s) AV,ef(s)
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Simplifying (80) gives

KaK; Ks

/ _ a3 AT
AEq(S) = 1+SK3TQOA5(S)+ 1+5K3T‘/10AEfd(S) (81)
AE(s) = —— A (KsD3(s) + KeDEL(s)) + — A AVis(s)  (82)
T 1 sTA 6= 1+sTa
Aw(s) = sAd(s) (83)
2 o Whase _ Whase / _ Whase
s“AN(s) = oH ATm(s) >H (K1Ad(s) + K2AE(s)) °H DsA(d(s))
84
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Simplifying (80) gives

KaKs3 K3
AE[(s)= ———"-A¢ ———AE, 1
AEg(s) = — Ka (KsAJ(s) + KeAE[(s)) + LA Vier(s)  (82)
1+5sTx q 1+4+5sTx
Aw(s) = sAd(s) (83)
2 o Whase _ Whase / _ Whase
s“AN(s) = oH ATm(s) >H (K1Ad(s) + K2AE(s)) °H DsA4(s)
(84)
Assuming AV,.r(s) = 0 and substituting (82) in (81), we get
(K4(1 + STA) + KAK5)K3
AEy(s) = — AS(s) (85)

(]. + sK3 Téo)(l + STA) + KaKe K3

Siva (IIT P) EE549 56 /97



The linearized electrical torque AT, expression is

ATe = DELlg + ELAIG + (Xg — X)) Igly + (Xg — X)) gl

Ald] (86)
Al,

= IgAE; + [(Xq — X))lg  EL+ (Xq — X)) Id] [
On substituting (69) in (86), we get
AT. = KiAS + K AE, (87)
By taking the Laplace transform of (87) and substituting (85) in it,
ATc(s) = H(s)Ad(s) (88)
where

(Ka(1 4 sTa) + KaKs) Kz Kz

H(s) = Ky —
(s) =K (1+sKsT/g) (1 + 5Ta) + KaKoKs
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On substituting (88) in (84) and assuming ATp,(s) = 0, we get

(52 n %Ds n “’2"756 H(s)) A§(s) =0 (89)

@ The small signal oscillations are typically in the range of 0.1 Hz to 3
Hz.

@ In this region of frequency interest, the transfer function H(s) can be
split into two components.

H(s = w) = Ki — (Ka(1+gwTa) + KaKs) K3K2
(1 + gjwkK3Tho)(1+ gwTa) + KaKs K3
- (Ka(1 4+ 3w Ta) + KaKs) K3 K>
(1 + KAK6K3 — 0.)2K3 TA TQO) +jw(K3 Tc/iO + TA)
K Ka((Ka + KaKs) + jwKa Ta)
(& + KaKs — w2 TaT}o) + gw(Tho + )

(90)
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Neglecting the effect of constant K

) — K KaKaKs
) = K o ke — w2 TaT) Tho + 2
Ky T KakKs —w?TaTg) + 3w(Tgo + 7)
. KaKaKs (7 + KaKe — w2 Ta Ty )
=N 2 2
(%3+KAK6_M2TATQO) + (w(TgoJr%‘))
(91)
Ks
KoKaks (Tho + )
+]OJ 1 2 ! 2 ! T, 2
(73+KAK6—w TATdO) + (w(Td0+7;‘))
Kqd
H(s) = Ks + sKq (92)
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The electrical torque is

ATe(jw) = KAS + jwKgAS (03)
= K. Ad + KygAw

@ It has two components.

@ The synchronising torque K is in phase with the change in rotor
angle AJ.

@ The damping torque K, is in quadrature to the rotor angle or in
phase with the change in speed Aw.

Substituting (79) in (76) gives

2 | Whase Whase _
<s + 32Ky + D)s + 2= Ks> A§(s) =0 (94)

60 /97
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e Equation (94) is a damped second order homogeneous system.

o If the damping coefficient (D+Ky) were zero, the system would become
undamped with natural frequency of oscillations being

Wh
wp =17 27_76 Ks (95)
@ In the undamped system, if K, is zero for a forced system that is AT, #
0, the system will become aperiodically unstable that is the rotor angle
keeps on increasing and ultimately leading to loss of synchronism.

@ In case, (K4 + D) becomes negative due to system conditions, there
will be oscillatory instability that is the peak of the oscillations keep on
increasing leading to loss of synchronism.

o If both Ks and Ky are positive for a given system, the system will settle
down to a steady state operating point with oscillations being damped
out after a disturbance.
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KaKaKs (& + Kako — w2 Ta Ty )

Ks = Ki — 5

2
(% + KaKs —w2TaTso) + (w(Tho + )

(96)
KaKaks (Tho + )

Ky =

(& + Kaks — w2 TaTlo) + (w(Tho + )

From the above equation, the following observations are made.

o If K5 is negative, Ks will be positive and Ky will be negative. Hence,
negative damping and oscillatory instability.

@ This effect of negative damping torque due to negative Ky gets
pronounced if the exciter has a very high gain K.

@ In a practical system, Ks can become negative in a heavily loaded
case and a high exciter gain K4 can lead to stability issues.

@ The constant K5 becomes important while assessing the stability.
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Example 12.4 from P. Kundur : This example analyzes the small signal
stability of the example 12.3 including exciter dynamics.

HT

LT (000)___ Line1

j0.5

Ax555 Infinite
MWVA Bus
mm Line 2 v
v, f0.15 oo

j0.93

P—
aQ—»

The parameters of each of the four generators of the plant are in per unit

on its rating are as follows:
Xy=181 X,=176 X,;=03 X =0.16

R, =0003 T, =8s H=35 D=0

Siva (IIT P) EE549
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The exciter parameters are
Ka=200 Tx=0.02
If the plant output is
P=09 Q=03 V;=1.0436° V, =0.99520°

compute the following:

@ Eigenvalues of A.
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The constants K1 to K6 are
K1 =0.7478; K2 =1.0399;: K3 = 0.3862

K4 =1.5660; K5 = —0.1432; K6 = 0.4756

The system matrix A is

-03 02 0 01

0 0 1 0

A= -56 —-403 0 O
—4756 14324 0 -50

The eigenvalues are
A1 = —28.4666 My = —22.8857 A3, A\q =0.5143 £+ 57.2137
For Ko = 10, the eigenvalues are

A1 = —49.3901 A\p = —0.9110; A3, \s = —0.0113 £ 16.3287
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Power System Stabilizer (PSS)

@ Power system stabilizer is a device used for overcoming the negative
damping effect of the high gain exciter.

@ It acts as a supplementary controller to the excitation system.

@ Inputs to the power system stabilizer can be change in frequency, speed,
power or a combination of these.

@ The output is a voltage signal introduced in the excitation system to
control the output of the exciter.

@ The basic idea of the power system stabilizer is to introduce a pure
damping term in (94) so as to counter the negative damping effect of
the exciter.
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@ Let PSS have a transfer function G(s) and the change in the speed
be the input to the PSS.
@ The output of the PSS be AVpss.
@ The output of PSS is added as a supplementary signal to the exciter
reference.
Therefore, the equation (74) becomes

dAEg
dt

The transfer function between AVpss and AT, is found to see the effect
of AVpss on Ks and Kj.

Ta = —AEgy + Ka(AVier + AVpss — AV) (97)
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To get the transfer function, let us assume that Ad =0 and AV,er = 0.
From (81) and (82),

Ks

AE!(s) = ————AE
Q(S) 1 —|—SK3 T‘/jo fd(S) (98)
KaKe / Ka
AE, = — AE AV,
fd(S) 14 STA q(S) + 1+ STA PSS(S) (99)
Substituting (99) in (98) gives
K3K
AE/(s) = 304 AVpss(s) (100)

(1 + sK3 TQO)(]. + STA) + K3KaKs
Substituting (100) in the Laplace transform of (100) gives

KoK3Ka

AT.(s) = KoAE'(s) =
o(s) = Ko Ey(s) (1+ sK3T/g)(1 + sTa) + KsKaKo

AVpss(s)
(101)
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Equation (101) can be approximated for the usual range of constants as
follows

KoK
ATe(s) = ST} = . AVpss(s) (102)
(1+ KA%)G)(]- + STA)(73 + KaKs)
For a high gain exciter, K% << KaKs.
Ky
ATe(s) = TL;OK6 AVpss(s) (103)

(14 %2)(1+5Ta)

Since PSS has a transfer function G(s) with input Aw, Equation (103)
can be written as

K
AT.(s) = _ G(s)Aw (104)
1+ % ;@6)(1 +5Ta)

S
A
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If PSS is to contribute pure damping throughout the frequency of interest,
the transfer function between AT, and Aw should be

!/

G(S) = Kpss(l + STdO )(1 + STA)

KaKs
where Kpgs is the gain of PSS.
K K
AT, = 2KpssAw = —2 KpsssAS (105)
Ko Ke

With the help of (105), the equation (94) can be approximated as

2 Whase K> Whase
K D+ —K Ks) | A = 1
<S + oH (Kg + D+ Ke pss)s + oH )) d(s)=0 (106)

Hence, PSS improves the damping of system by providing a positive
damping torque.
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@ Since G(s) is a pure lead function, it is not physically realizable.

@ Hence, we have a compromise resulting in what is called a lead-lag
type transfer function such that it provides enough phase lead over
the expected range of frequencies.

sTy 14+sT1\"
G(s)=K 107
(s) = Kess T <1+st> (107)

where

Kpss is the gain.
T, is the washout filter time constant.
Ty, T» are the lead-lag network time constants.

n is the number of lead-lag network blocks.
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Gain Washout Filter Lead-lag network

1+sT) A.VPSS
1+ 5T,

Ao N sT,
1+sT,

¥

Figure: Block diagram of PSS

The procedure for finding the parameters Kpss, T1 and T is as follows:
Let
KoK3Ky

G —
ex(s) (1+ sK3Tg)(1 + sTa) + KsKaKo

(108)
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@ Find the natural frequency of oscillations of the system without damp-
ing. The flux linkage can be considered constant so that AEC’, is zero.

AT. = KiAS

Also the damping coefficient D is assumed to be zero. With these
assumptions, the equation (94) will become

o Whase _
(s + Kl)) Ad(s) =0 (109)
wn = 7 ”2"7;‘* K (110)

@ At the natural frequency, find the time constant of lead-lag network
such that the lag due to Ggx(s) is compensated.

ZG(ywn) + £LGex(gwn) =0 (111)
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© For a high value of washout time constant, the washout filter will not
contribute any angle to the transfer function of PSS hence for n = 1.

L1+ jwnT1) — Z(1 4 ywn T2) + £LGex(ywn) =0 (112)

One of the lead-lag time constants can be arbitrarily chosen. The other
time constant can be derived from (112).

© To compute Kpss, we can compute Kpgg i.e., the gain at which the
system becomes unstable using the root locus, and then have Kpss =
%K;;ss-

© The PSS should be activated only when low-frequency oscillations de-
velop and should be automatically terminated when the system oscil-
lation ceases. It should not interfere with the regular function of the
excitation system during steady state operation of the system frequency.
The washout stage has the transfer function

STW

Go(s) = — W
(s) =1 Y sTw

(113)
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Washout filter acts like a high-pass filter allowing those signals which
are above the cut-off frequency. The washout filter time constant is
chosen so that the signal with lowest frequency of interest can be passed
through. For washout filter time constant of T,, = 10 s, signals of
frequency 0.1 Hz and above can be passed. The stead state operation
is considered as DC signals and hence blocked by the washout filter.

o Let the output of the washout filter be AVyyr.
@ Let the output of the lead-lag block be AVpss.

The linearized dynamic equations of the PSS are

AVwr = —T—WAVWF + KpssAw (114)
: 1 1 T -
AVpss = ——AVpss + —AVwr + —A V£ (115)
T2 T2 T2
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By substituting Aw from (79) in (114) and by substituting the resultant
equation in (115), we get

!
AEq
AS
. w w w
AVwr = {— S5 KoKpss  —=fie KiKpss — e DKpss 0 —qi- 0] AAE;d
AViyyre (116)
AVpss
w AV,
+[o “kere Kess] [Affnf]
AE]
q
AS
y _ 71 @p, Ty @p, 71 wp, 1 10 1 Aw
AVpss = [*ﬁ%KzKPss — 7, on KiKpss  — 7, 5 DKpss 0 5~ Tw T2 T72] AEy
AVwr
AVpss
w T AV,
+ {0 i T%KPSS} [ATr:,f]
(117)
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The state space model including the

AR,
Ad
Aw

DBy

AV
AVpss

r __1_
K3T},
0
_ @hase i,
_ ¢K6
A
w
— b2 Ko Kpss
T w
L— 75 =52 KeKpss
- ! 0
AEq 0
po |8
w KA
Afy | T | Ta
AVyr 0
LAVpss 0

Ky
—fa 0
7
o )
_ @hase — hase
2
_ RaKs 0
4
Yhase 2 “hase
— =7~ KiKpss — =37~ DKpss
T1 Whase Ty Whase
— 7, 2h KiKpss  — 3, —3i* DKpss
0
0
Wbi’se
o AVref
ATh
w
5 é’;‘.feTKPss
base '1
si 7, Kpss
EE549

PSS dynamics is

(118)
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Example 12.4 from P. Kundur : This example analyzes the small signal
stability of the example 12.3 including exciter dynamics with PSS.

HT

LT (000)___ Line1

j0.5

Ax555 Infinite
MWVA Bus
mm Line 2 v
v, f0.15 oo

j0.93

P—
aQ—»

The parameters of each of the four generators of the plant are in per unit

on its rating are as follows:
Xy=181 X,=176 X,;=03 X =0.16

R, =0003 T, =8s H=35 D=0
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The exciter parameters are
Ka=200 Tu=0.02
The PSS parameters are
Kpss =9.5; Tw =1.4; T, =0.154; T, =0.033
If the plant output is
P=09 Q=03 V;=10436° V, =0.995-/0°

compute the following:

© Eigenvalues of A.
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For K4 = 200, the eigenvalues are
A1 = —46.4791

M2, A3 = —15.8405 & 14.6135
Ma, \s = —1.22 + 196.6794

e = —0.741
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Small Signal Stability Analysis of Multi-Machine System

@ Let each generator be modelled by a sub-transient model along with a
power system stabilizer and stator algebraic equations.

@ The network is represented by real and reactive power balance equa-

tions.
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Differential equations (for i =1,2,---

dE!.

Taoi—7" = —Eqi — (Xai

doi dt

— Xgi)llai —

o Xg-)

(Xdl
(X

+ (X — Xisi)lai + V14i] + Erdi

1" d¢1di

— Xisi ) lai

, Ng generator):

— P14di

+ (Xqi - Xc/;i){(lqi

+ (Xgi — Xisi)lgi + ¥2qi) }

Toi i Eqi — (Xgi
dE}
c/,o: dt _—Eé/i
(Xgi — Xgi)
— & 9 (F
(X/ XIs:) ( di
dipagi
cl;/o,' p :_Ec/li_(X/
EE549

Xls:) qi

"¢2q,

(—Egi

(119)

(120)

(121)

(122)
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db;

de T (123)
2H,' dw,-
= Tmi = Tej = Di(wi — 124
wbase dt m el I(w’ Wbase) ( )
dEg;
Ter " = —(Kei + Sei(Ear)) B + Vi (125)
dVvi KaK,
TATtR = —Vr+ KaRF - FEfd + Kai(Vieti — Vi) (126)
dRFi K/:,'
Tri Rri Etai 127
F dt Fit TF,' fd ( )
VWF - TW it KPSS’ 2b:/se(T - 7—ei - Di(wi - Wbase)) (128)
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=(Tmi — Tei — Di(wi — Whase))

dT i Kupi TrHi Kupi TRH
TRHi M ——ATM,'—|—<1—HPRH> PCHi+M'D5Vi (130)

dt TCHi 7—CHi
dPchi
TCH,'% = —PCHi + PSVi (131)
dPsvy; 1 Wi
szV' =R <wbalse — 1) + Prefi — Psvi, 0 < Psy; < Py

(132)
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Stator algebraic equations :

(X//_ _ Xlsi) (X/_ _ X//)
Vi [ 6i_6i Rsi// X//II_ 7 E/' 7 i =
Sm( ) + d qi'q (X(;/ N Xlsi) di + (X/ Xls:)q/)2q 0

(133)
X" — X X! _ X"

Vi cos(6; — 0;) + Rsilgi + Xgilai — EXT — X;S; Eqi — EXT — X;ﬂ'; Y14i = 0
di SI di si

(134)

Network Equations :

Fori=1,2,---, ng generator buses,

Visin(6; — 0;)lgi + Vi cos(6; — 0;)qi — Ppi(V;) Z ViV,Yjjcos(ajj+0; —0;) =0
(135)

Vi cos(6; — 6;)lai — Visin(6; — 0;)1qi — Qpi( Vi) + Z ViVYjsin(ajj +6; —0;) =0
j=1
(136)
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Fori=ng+1,ng +2,---,n load buses,

Poi(Vi) + Y ViV Yjcos(aj + 0 — 6;) =0 (137)
j—l

Qoi(V)) ZVVYUsm(aU—i—H 6,)=0 (138)
j=1

The differential equations (119) to (132) can be represented as

Xi = £:(Xi, lai, lgi 0g, Vg, U) (139)
where
Xi =[Egi 1di Egi 2qi 0i wi Vri Erdi Rri Trmai Psvi Peri Vwri Vpssi] "
i=1,2,- ng
T .
Ui = [Vrefi 'Drefi] = 1727 T, Ng
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eg:[elv"'aeng]-rv Vg:[vlv"'avng]-r

9’ = [eng+1’ e 7917]7—7 V/ = [Vnngla Tty Vn]T

The stator equations (133) and (134) can be written as
g,-(X,-, Id,', /q,'7 Qg, Vg) =0i= ].7 vy, ng (140)

The network equations at the generator buses (135) and (136) can be
written as
hi(Xivldh/qheg? Vgaelv \//):Oi:]-a"‘ang (141)

The network equations at the load buses (137) and (138) can be written as

k,-(Gg,Vg,GI, V,):Oi:ng+1,--~ ,n (142)
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@ The functions f, g, h, k are non linear.
o Let the steady state operating point be [Xio, lio, Igi0, Ujo].

@ The network voltages and angles at the steady state are
[050, Vg0, 010, Vio]
Linearizing (139) around the initial operating conditions gives

A,
. of; of  of] |Alg of;  0f; AV, of;
i : AU;
AXi = {ax}“ o o |an] 90, 9V, N AR R
N—— B'. N—— N—— A\// N——
Ari i Alggi Bai WA
(143)
AX; =Ati(1ax14)DXi(1ax1) + Bii(14x2)Aldgi(ax1)
NG,
AV, (144)
+ [Bai(1ax2n,) O(1ax2(n—ng))] AG, + Wiax2)AUiax1)
AV (2nx1)
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For ng generators,

AX =Ati(14n, x14n,) DX (140, x1) + B1(14n,x2)Bldq (2, x1)

Ab,

AV,
+ [82(14ng><2ng) 0(14ng><2(n—ng))] A@}g (145)

AV (2nx1)

+ Wi(14n, x2n,) AUi(2n, x1)
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Similarly, by linearizing (140), we get

Ab,

Ogi og;  0g ] |Aldi g Ogi AVy|
[3X,}AX’+{8'E~ 5] Al a0, av, 00| [ | =0 (146)
N—— C N—— —— AV,

Cyi 2 Alggi Dy

Ab,
AV,
Cri2x14)AXi(14x1) +C2i(2x2) Aldgi(2 1)+ [D1i(2x2n,) O2x2(n—n,))] N} =0
AV (2nx1)
(147)
For ng generators,
C1(2ng><14ng)AX(14ng><1) + C2(2ng><2ng)A|dq(2ng><1)
Abg
AV, (148)
+[D1(2ng><2ng) O(anx2(n7ng))] Aef =0
AV,

(2nx1)
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Similarly, by linearizing (141), we get

Ab,
oh; on;  om] |Alyi Oh; Oh; 0Oh; Oh; | |AV,
AX; i Oh, ' g =0 (149
|:8X,:| + [aldi 8Iq,} Alqi agg an 80, dV, NG, ( )
C Cai Al Dai D3 !
3i dai 2i 3i
Abg
AV,
Csi(2x14)AXi(1ax1) T Cai(2x2) Aldi(a 1) +[D2i(2x2n,) D3i2x2(n—ny))] Agf =0
AV (2nx1)
(150)
For ng generators,
C3(2ng><14ng)Ax(l4ng><1) + C4(2ng><2ng)A|dq(2ng><1)
Ab,
AV, (151)
+[D2(2ng><2ng) D3(2ng><2(n7ng))] Aef =0
AV

(2nx1)
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Similarly, by linearizing (142), we get

A,
ok ok 0k Ok | |AV,

=0 152
08y 0Vg 00, 0V A, (152)
SN——— "—D. AV,
D4i 5i
A
AV,
[Dai(2x2n,) Dsi(2x2(n—n,))] Aaf =0 (153)
AV (2nx1)
For ng generators,
Abg
AV,
[D4(2ng><2ng) D5(2ng><2(n—ng))] Agf =0 (154)
AV (2nx1)
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Equations (145), (146), (151) and (154) can be written as

0,
AX = A;AX + By Algq + [B2 0] AA‘H/f
AV
20, ]
0 = CiAX + CoAlq + [Ds 0] AA‘gf
LAV
Ad,
0 = C3AX + C4Algq + [Do D3] AA‘gf
AV
Ab,
0 = [D4 Ds] AA‘gf
AV
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(156)

(157)

(158)
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From (158), the load bus voltages and angles can be determined as follows:

AR . Ay
[A v,] _ DD, [A Vg] (159)
Let
Dg = Dy — D3D5 D4 (160)

Substituting (160) and (159) in (157) and (156), and finding the generator
bus voltages, angles, direct axis current and quadrature axis current give

Aldq -1
A, :_[22 Bl} El] [AX] (161)
A\/g 4 6 3
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By substituting (161) in (155),

_ Algq
AX = A;AX + [B1 Ba] | &b, | +WAU
AV, (162)

= AgsAX + WAU

where

-1
C D C
som- e o[ o] ]

@ The small signal stability of the multi-machine system can now be
known by finding the eigenvalues of the state transition matrix Asys.

@ Since, the rotor angle of any synchronous machine should be defined
with respect to a reference, one state variable corresponding to the
rotor angle of a generator which is taken as reference becomes re-
dundant hence there will be one zero or a slightly positive eigenvalue
corresponding to the redundancy of the reference angle.
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Example 12.6 from P. Kundur :

'4@ MW
Gl 1 5 6 Thokm$110km®. . 10 11 3 G3
| 125 km | 10 km] 10 km |25 km | | O
@ | €D, | ; D T\~
o of ]
L"l = b Lg
2 4
G2 G4
 Areal  Ara2

Figure: Two Area System
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@ Perform Load flow.

@ Determine the machines’ steady state values (3, Vg, Vg, ld, g, E(’I,
E}. Efg, Y14 and 9)2gq).
© Calculate the system matrix as given in (162).

o The size depends on the models.
e For example, the sub-transient model of a synchronous machine
without turbine, speed governor dynamics and PSS has seven states.

AX; = [Ad; Aw; AE),; AEC’,,- Atp1gi Athpgi AEg;)

o Hence, the number of states is 28. The size of A is 28 x 28.

o If PSS is considered, the number of states will increase. Suppose there
is one lead-lag block, 2 additional states for each machine, hence the
size of A will be 36 x 36

o If there are two lead-lag blocks in PSS, 3 additional states for each
machine,hence the size of A will be 40 x 40

@ Determine the eigenvalues of A.
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