Introduction

» Sinusoid means both cosine and sine waveforms.

» Sinusoidal voltage and current are referred to ac voltage and
ac current respectively.

» The voltage available at our home, office and everywhere is
sinusoid.

The single phase voltage
vi = Vi sin(wt)

where v; - instantaneous voltage
Vi - maximum voltage. w = 27f - angular frequency (rad/sec).
However, the voltage available at our outlet is 230 V (rms).

Vin L
V = — (for sinusoid)

V2

It is root mean squared (rms) voltage. It is also a DC equivalent
voltage.



RC Circuit

vi = Vi sin(wt)

By KVL,
d
RC% + Ve = Vppsin(wt)

Let us solve this differential equation using the same steps.
» Homogeneous solution: To find this, set v; to zero.

dvey
c =0
dt +VH

As we have already solved in DC Transients,

RC

VCH — Ae(—t/RC)




» Particular solution:

chP

RC
dt

+ vep = Vipsin(wt)

Guess any solution that satisfies this equation.

1. First try. Let vep = A. It will not satisfy.
2. Second try. Let vep = Asin(wt). It will not also satisfy.
3. Third try. Let vep = Asin(wt + ¢). It will work.

On substituting this in the above equation,
RCAw cos(wt + ¢) + Asin(wt + ¢) = Vi, sin(wt)

RCAw(cos(wt) cos ¢ — sin ¢psin(wt))+
Asin(wt) cos ¢ + Asin ¢ cos(wt) = Vi, sin(wt)



Vim
V14 (wCR)?

¢ = —tan *(wCR)

cVep=—-=" sin(wt — tan Y (wWCR
= AT werE (weR))

» Total solution:

Vim

ve(t) = Aelt/RC) (M
(1) 1+ (wCR)?

sin(wt — tan"}(wCR))
» To find constant: Use an initial condition.

First part is the transient response. Second part is the steady state
response.



» Transient response is also called as natural response.

> It is always decaying exponential irrespective of DC or AC
excitation.

» Forced ( steady state) response is now sinusoid with a phase
shift because excitation is sinusoid.

> If you give a sinusoid of one frequency to a linear circuit, the
stead state response will be sinusoid of the same frequency
with or without phase shift.

Since the transient response dies out, we are interested in
sinusoidal steady state response.

ve(t) = Vesin(wt + ¢)
Vi

V1+ (wCR)?

where V¢ = and ¢ = —tan Y (wCR).



Figure: Sinusoidal steady state response - RC Circuit
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Simple Approach

Let us a simple approach to find the sinusoidal steady state
response! of a linear circuit.

Vpsin(wt) ~ Asin(wt + ¢)
Vpn cos(wt) ~ Acos(wt + @)
Since the circuit is linear,
JVmsin(wt) ~ jAsin(wt + ¢)
Vi cos(wt) + Vi sin(wt) ~ Acos(wt + @) + jAsin(wt + ¢)
By Euler’s identity,

Vet v Ael(WET9)

If your input is sine, then take imaginary component of the
response.

!Steady state response follows superposition
y p



Let us consider the same circuit.

Let us apply v; = Vet (mathematically possible).

By KVL,
dv,

dt

If we apply this voltage, the steady state response v, would be
Ael(wt+)

RC—= 4 vo = Vet

RCAjweJ(WtJr(f)) + Aellwtte) — Vet

(RCAJw + 1)Ae’ =V,



Vim

Ael? —
¢ T (RCAw 1 1)

Ael® — Vi oI(— tan~1(wCR))
1+ (wCR)?

It can be written in polar form as follows.

Vin _
Alp=——T""_/ tan Y (wCR)

V1+ (wCR)?

Since the excitation is sine, we have to take imaginary part of the
above complex response.

ve(t) = __Vm sin(wt — tan"}(wCR))

V14 (wCR)?

If the excitation were cosine, we would take the real part of the
complex response.



Phasor Approach

» This is simpler than previous approach.

» We found e’* as redundant since the frequency of sinusoidal
steady state response is same as the supply frequency in a
linear circuit.

Vmejwt ~ VCe]wt+¢
Vinel*tel® ~s Veevtel?

Since e/t appears in both terms, it can be removed.
Let us apply.
Ve~ Vel

VinZ0 ~ Ve lo
Vi~ Vc

where Vy,, and V¢ are complex numbers and called as phasors.
Phasor is a complex number that contains magnitude and phase
angle information.



Resistor

In time domain,
v(t) =i(t)R

Let us apply complex current through resistor.

i(t) = et

The voltage response will be
v(t) = Vyelwtte)
Vmej(wt+¢) = |, &R
Ve’ = I,e®R
Vinldp =1, Z0R

In frequency domain,
Vim = ImR

Since ¢ = 0, voltage and current are in phase.



Figure: Voltage and current waveforms of Resistor
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Figure: Phasor diagram of Resistor
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Inductor

In time domain, Ji
j

t)=L—

v(t) =L

Let us apply complex current through inductor.
i(t) = In,e™t
The voltage response will be
v(t) = V@it

Ve @t0) = gL, et
Vel = ijlmeJ0

Vil = 20wl

Vi = gwlly

Since ¢ = 90, voltage leads current by 90° in inductor.

In frequency domain,



/

Figure: Voltage and current waveforms of Inductor
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Figure: Phasor diagram of Inductor
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Capacitor

In time domain, J
v
i(t) = C—

i(t)=C

Let us apply complex voltage across capacitor.
v(t) = Vet
The current will be
i(t) = Ipel@te)
I @) = 3 CVp et
Ime?® = JwCV,,e®
ImZd = V0 jwC

In frequency domain,

Im
Vimn=——
JwC

Since ¢ = 90, current leads voltage by 90° in inductor.
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Figure: Voltage and current waveforms of Capacitor
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Figure: Phasor diagram of Capacitor




. In Resistor, there is no significant advantage in frequency
domain.

. In Inductor and Capacitor, the voltage and current are related
by an algebraic equation in frequency domain. (This is great).

. The ratio of complex voltage to complex current is
impedance (Z).It's unit is Q.

1
Zr=R, Z, =ywl, Zc=—
JwC

In general,
Z=R+3X

. Admittance is the reciprocal of impedance and denoted by
Y. It's unit is U.

YL:77 YC:](’UC

In general,



RC Circuit - Frequency domain

1
Ve = Vi 20 ]“CI = LL tan~ 1 (wCR)
R + A/ 1 + (CL)CR)Z
JwC

That's it. How simple it is.
V
IVc| = —""
V14 (wCR)?

If you want, the response can be written in time domain.

/Vc = —tan Y (wCR)



RLC Circuit - Example

Find V| and draw the phasor diagram. Assume w = 1 rad/sec.
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In Frequency domain,




By KVL, ( KVL and KCL are equally applicable in frequency
domain too.)

1
Vi=IR+ lwlL +1——
JwC

1
Vi=(1+72+>)x1£0
J

V, = V/2/45° V
%IXL
V)
X, — IX
I IR
X

Figure: Phasor diagram taking | as reference



