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Relations
Let A and B be sets. A binary relation from A to Bis a subsetof A X B

A binary relation from A to Bis a set R of ordered pairs where the first element
of each pair belongs to A and the second to B

e Notation: (a,b) € R, aRb
e Example: Roll-No X Registered-Subject, State x City, etc.
e Functions vs Relations

How many relations are there on a set with n elements?
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Properties: Reflexive

e Arelation Ron a set Ais reflexive if (a, a) € R for every element a € A
e Which of the following are reflexive? (set of integers)

e R ={(a,b)|la< b}

e R, ={(a,b)|la> b}

e Ry ={(a,b)la= bora= —b}
e Ry = {(a b)|a= b}

e Rs ={(a,b)la=b+ 1}

e Rs={(ab)la+ b<3}
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Properties: Symmetric

e Arelation R on a set A is called symmetric if (b, a) € Rwhenever (a, b) € R,
foralla,b € A
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Properties: Symmetric
e Arelation R on a set A is called symmetric if (b, a) € Rwhenever (a, b) € R,
foralla,b € A

e Arelation Ron aset Asuchthatforall a,b € A,if (a, b) € Rand (b, a) € R,
then a = bis called antisymmetric

o R1 = {(a, b)|a < b}

o Ry ={(a b)|a> b}

) {(a,b)a:bora:—b}

o Ry ={(a,b)|a= b}

) 5:{(a,b)a:b—|—1}

o Ro={(a,b)|a+b<3

e How to express symmetric/antisymmetric conditions using quantifiers?
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Properties: Transitive

e Arelation Ron aset Ais called transitive if whenever (a, b) € Rand (b, c) € R,
then (a,c) € R, forall a, b, c € A.
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Properties: Transitive

e Arelation Ron aset Ais called transitive if whenever (a, b) € Rand (b, c) € R,
then (a,¢c) € R, forall a, b, c € A.

o R ={(a b)

. Rz ={(a, b)|a > b}

e R3 ={(a,b)|la= bora= —b}

° R4 = {(a, b)|a = b}

e R ={(a,b)la=b+1

e Ry ={(a,b)la+ b <3}

e How to express transitive condition using quantifiers?
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Problem
e How many reflexive relations are there on a set with n elements?
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Composition of relations

e Let R be a relation from a set A to a set B and S a relation from B to a set C.
The composite of Rand Sis the relation consisting of ordered pairs (a, c), where
a € A, c € C, and for which there exists an element b € Bsuchthat (a, b) € R
and (b, ¢) € S. We denote the composite of Rand Sby So R.

e Let Rbe arelation on the set A. The powers R" are defined as
Rl=Rand R"! = R0 R

o Let R={(1,1),(2,1),(3,2), (4,3)}. Find R2, R®, R*
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Representation
e Using matrcies
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Representation
e Using matrcies
e Using directed graph
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Closures

e If Ris a relation on a set A, then the closure of R with respect to P, if it exists,
is the relation S on A with property P that contains R and is a subset of every
subset of A X A containing R with property P.
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Closures
e If Ris a relation on a set A, then the closure of R with respect to P, if it exists,
is the relation S on A with property P that contains R and is a subset of every
subset of A X A containing R with property P.
o Let R={(1,1),(1,2),(2,1),(3,2)} ontheset A = {1,2,3}
o Is it reflexive?
e What will be reflexive closure
e What will be symmetric closure
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Transitive Closures

e Let R be arelation on a set A. The connectivity relation K" consists of the pairs
(a, b) such that there is a path of length at least one from ato bin R.
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Equivalence relations
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Equivalence relations

e Arelation on aset Ais called an equivalence relation if it is reflexive, symmetric,
and transitive.

e Two elements a and b that are related by an equivalence relation are called
equivalent. The notation a ~ b s often used to denote that a and b are equiv-
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Equivalence relations

e Arelation on aset Ais called an equivalence relation if it is reflexive, symmetric,
and transitive.

e Two elements a and b that are related by an equivalence relation are called
equivalent. The notation a ~ b s often used to denote that a and b are equiv-
alent elements with respect to a particular equivalence relation.

e Let R be arelation on the set of integers such that aRbiffa = bora = —b.
R?

e Let Rbe arelation on the set of integers such that aRbiff a — bis an integer

e Congruence modulo

e Equivalence class
e Partition
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Partial orderings

e Arelation Ron aset Sis called a partial ordering or partial order if it is reflexive,
antisymmetric, and transitive.

IIT Patna 12



Partial orderings

e Arelation Ron aset Sis called a partial ordering or partial order if it is reflexive,
antisymmetric, and transitive.

e A set S together with a partial ordering R is called a partially ordered set, or
poset, and is denoted by (5, R). Members of S are called elements of the poset.

IIT Patna 12



Partial orderings

e Arelation Ron aset Sis called a partial ordering or partial order if it is reflexive,
antisymmetric, and transitive.

e A set S together with a partial ordering R is called a partially ordered set, or
poset, and is denoted by (5, R). Members of S are called elements of the poset.

e Is > a partial ordering in the set of intergers?

IIT Patna



Partial orderings

e Arelation Ron aset Sis called a partial ordering or partial order if it is reflexive,
antisymmetric, and transitive.

e A set S together with a partial ordering R is called a partially ordered set, or
poset, and is denoted by (5, R). Members of S are called elements of the poset.

e Is > a partial ordering in the set of intergers?
ols a\ b (a divides b) a partial ordering on the set of positive integers?

IIT Patna 12



Partial orderings
e Arelation Ron aset Sis called a partial ordering or partial order if it is reflexive,
antisymmetric, and transitive.

e A set S together with a partial ordering R is called a partially ordered set, or
poset, and is denoted by (5, R). Members of S are called elements of the poset.

e Is > a partial ordering in the set of intergers?
ols a\ b (a divides b) a partial ordering on the set of positive integers?
e Is inclusion relation C a partial ordering on the power set of a set S?
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Total orderings

e The elements a and b of a poset (S, <) are called comparable if either a < bor
b < a. When a and b are elements of S such that neither a < bnor b < a, a
and b are called incomparable.
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Total orderings
e The elements a and b of a poset (S, <) are called comparable if either a < bor
b < a. When a and b are elements of S such that neither a < bnor b < a, a
and b are called incomparable.
e If (S, <) is a poset and every two elements of S are comparable, S is called a
totally ordered or linearly ordered set, and < is called a total order or a linear
order. A totally ordered set is also called a chain.

e Example:
e Inthe poset (Z* |) are 3 & 9 comparable? What is about 5 & 7?
e Poset (Z, <) - total order?

e (S, x) is a well-ordered set if it is a poset such that < is a total ordering and
every nonempty subset of S has a least element.
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e ({1,2,3,4}, <)
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Maximal, Minimal Elements

e Elements of posets that have certain extremal properties are imporant for many
applications
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Maximal, Minimal Elements
Elements of posets that have certain extremal properties are imporant for many
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Maximal, Minimal Elements

Elements of posets that have certain extremal properties are imporant for many
applications

An element ais maximal in the poset (S, <) if thereisno b € Ssuchthat a < b.
An element ais minimal in the poset (S, <) if thereisno b € Ssuchthat b < a.

Sometimes there is an element in a poset that is greater than every other ele-
ment. Such an element is called the greatest element.

Similarly least element

The element x is called the least upper bound of the subset A if x is an upper
bound that is less than every other upper bound of A

The element y is called the greatest lower bound of A if yis a lower bound of A
and z < ywhenever zis a lower bound of A
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Lattices

e A partially ordered set in which every pair of elements has both a least upper
bound and a greatest lower bound is called a lattice.
e Isthe poset (Z", |) a lattice?
e Isthe poset (P(S), C) a lattice?
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